CONTINUITY OF THE LOCAL EVALUATION MAPS

TETSUYA UEMATSU

ABSTRACT. We show the continuity of the local evaluation map naturally in-
duced by the Brauer-Manin pairing.

1. INTRODUCTION

In the following, Br(X) always denotes the cohomological Brauer group H?(X, G,,)
of a scheme X. Let k be a number field and X be a proper smooth variety over k.
Manin constructed what is now called the Brauer-Manin pairing:

(o) J]X (ko) xBr(X) = Q/Z; ((w), A) = inv, A(zy).

v

To analyse this pairing, it is of course important to study each local pairing;:
X(ky) xBr(X)—Q/Z.

If we fix an element A € Br(X), we have the map ¢4: X(k,) — Q/Z and call it
the local evaluation map. We naturally want to know the property of this map.
Here, we have the following continuity theorem:

Theorem 1.1. Let k be a local field, X be a smooth scheme over k, and A € Br(X).
Then the local evaluation map ¢ 4: X (k) — Q/Z is locally constant. Here, the set
X (k) is considered as an analytic topological space.

2. PROOF OF THE THEOREM

To prove Theorem 1.1, we prove the following result:

Theorem 2.1. Let k be a local field, G a algebraic group over k, X a smooth
variety over k and f: Y — X be a right X-torsor under G. Then the following
map

X (k) — H'(k,G); P — [Yp]

is locally constant.

Before proving this theorem, we first show that this theorem implies the main
theorem:

Theorem 2.1 = Theorem 1.1. For each positive integer n, we have the map
6, : H'(X, PGL,) — H*(X,G,,) = Br(X)
and the equality

| J1m(s,) = Br(xX).
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Therefore we can take a right X-torsor Y under PGL,, such that the image of its
class [Y] € HY(X, PGL,,) under 6, is A. We now apply Theorem 2.1 to G = PGL,
and get the locally constant map

X (k) — H'(k, PGL,) — Br(k).

This map is no other than the local evaluation map ¢4, which proves Theorem
1.1. |

Proof of Theorem 2.1. First we reduce to the case [Yp] = 0. If [Yp] # 0, we replace
Y with the contracted product Y x¢ (Yp)x, i.e. the quotient Y xx (Yp)x/Gx.

Here Yp is considered as a left k-torsor under G and the Gx-action on Y x x (Yp)x
is defined to be

g-(,q) = (pg™", 9q).

Y x% (Yp)x is a right X-torsor under G x& (Yp)x = (G x%Yp) x;, X. For details,
see [SkO1].

For each Q € X (k), we have the following commutative diagram in the category
of sets:

. G b'e
HY(X, G 221 (X, G <€ (Yp)x)

Q*l lQ*

HY(k,G) ——— H'(k,G xC Yp).

~><GYP

If Q = P, the class [Yp] € H(k, G) corresponds to the class [Yp x¢Yp] = 0. Hence
we may assume [Yp] = 0 in advance.

Since [Yp] = 0, we have a section, i.e. a k-rational point in Yp (k). Then we have
the following lemma:

Lemma 2.2. Let k be a local field, X, Y be smooth k-varieties and f :Y — X be
a morphism. f(k):Y (k) — X (k) denotes the corresponding morphism between k-
analytic manifolds Y (k) and X (k). Assume f is étale at a k-rational point P € Y.
Then f(k) is also étale at P € Y (k) in the analytic sense.

Proof. Since f is étale at P, we have the following isomorphism of cotangent spaces:
my,p/mi p = mx /M o,
where Q = f(P). Using the isomorphisms
Oy,p = OV'p, Ox.q = Yo
this implies the isomorphism of analytic cotangent spaces:
gl [ = W m?,
which says that f(k) is étale at P. O

Using this lemma, we can take a open neighborhood U C X (k) at P and k-
section s : U — Y (k) of f(k). Therefore, for any P’ € U, the fiber Yp/ has a
rational point s(P’), in particular, we have [Yp/] = 0 in H'(k,G). This proves the
desired local constancy. O



CONTINUITY OF THE LOCAL EVALUATION MAPS 3

REFERENCES

[Br] An e-mail from M. Bright.

[MaT1] Manin, Yu. I.: Le groupe de Brauer-Grothendieck en géométrie diophantinne. In: Actes
du Congres International des Mathématiciens, Nice, 1970, (1), Gauthier-Villars, Paris,
1971, pp.401-411.

[Se65] Serre, Jean-Pierre.: Lie algebras and Lie groups. Lectures given at Harvard University,
1964, W. A. Benjamin, Inc., New York-Amsterdam, 1965, vi+247 pp.

[SkO01] Skorobogatov, A.: Torsors and rational points. (Cambridge Tracts in Mathematics,
144), Cambridge University Press, Cambridge, 2001.

TETSUYA UEMATSU
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO
KomaBA, MEGURO-KU, TOKYO 153-8914, JAPAN

e-mail address: tetsuyal@ms.u-tokyo.ac.jp



