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1 Character variety
gQh]iWjlkWmQnloQpWq]rls

SL2C-
p]tlkQuWvlwWsVxWylzl{QwQ|~}��

�l� m
G = 〈g1, g2, . . . , gn | r1, r2, . . . , rl〉zVn�oRp�q]r��c���V���]�V�]m��

ri = ri(g1, g2, . . . , gn) � g1, g2, . . . , gn

sVn
oWsQ���QsQ�W�

1.1 �)�������)� Representation � Character

G
s

representation variety R(G)
� � m

R(G) := Hom(G, SL2C)

= { (A1, . . . An) ∈ (SL2C)n | rj(A1, . . . , An) = 1 for 1 ≤ j ≤ l}
sl�W�]�T�l�Q�~�T� � C4n

sQ�W�]�W�l�
algebraic set

�Q�W�Q�
R(G) 3 ρ

kQ�~{Qm
Tr(ρ) : G→ C

z
Tr(ρ)(g) = trace(ρ(g)) for g ∈ G

�
 W¡ {Vm

Tr : R(G)→ Tr(R(G)) =: X(G) ⊂ Hom(G, C)zWm
ρ 7→ Tr(ρ)

�  W¡ ���Q�W�l�l�Qm
¢W£

1 (Culler-Shalen [7]). X(G) � variety
kW�W�Q�

�Qs
X(G)

z
G
s

character variety
�]¤T¥W�
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1.2 ��� 1 ���������	�
�l� m�
�

1
s����Ws���lzQqW�>�

gQh
m
G 3 γ

kQ�~{<m
tγ : R(G) → C

z
tγ(ρ) = trace(ρ(γ)) for γ ∈ G

�
 W¡ ���Q�~�Qsl���Wm��������T�lwQvl�Q�
���

1. T := {tγ | γ ∈ G} ��� C k� �z�!Wu�"$#�s�%'& �]{QwVn�o�(�)��+*k
C-algebra

�,]�Q�
�Qs�-.ls����Ws�/~�V�W�Ws � m��ls trace identity

�,W�Q�

trace identity of SL2C

trace(AB) + trace(AB−1) = trace(A) · trace(B)

�T� � m,l�Q��0213lk�45l��67lz�8�9Q�>��Y� k�¤�:�m<;�=�>]m
tab = tatb− tab−1 for a, b ∈ G

��?�@]� �A.CB]m
T
s

()D��W{QwWm��ls�0Qs��l�T�l�l�W�������c�lwQvl�Q�
{

tgi1
···gir

∣∣ i1, i2, . . . , ir : distinct positive integers ≤ n
}

u gE: m
T �GF�H n!

DI(J) k � �>�KJL sJ9JM m�N s<� � sO) �J# z
m
�

�l�Q�
�Qw]m

t : R(G)→ C
m

z
ρ 7→ (tγ1

(ρ), . . . , tγm
(ρ))

�   ¡ � �>�]�����<m
Image(t) = X(G)

�QP
�GRl�<�.�B m

[7]
� � ml�Qs t : R(G) → X(G)

z
regular map

�SP �l{>m
X(G) = t(R(G))

z
algebraic set

�TPl��Rl�l�W���Qq~�Y�lwQvl�Q�

1.3 Character variety ��U
V

1. G = π1(T
2) = 〈l, m | lm = ml〉 �T�l�Q�~�Qsl���Wm {tl, tm, tlm}

�
Ts�()�D~�Q�W�Q�lgQh
m

x = tl, y = tm, z = tlm
�Y�l�l�Qm

{(x, y, z) ∈ C
3 | x2 + y2 + z2 − xyz − 4 = 0} ⊃ X(π1(T

2))

�$WX@+MX�c� � �Y.CB�m
ρ ∈ R(π1(T

2))
kR� {Rm

ρ(l)
�

ρ(m)
s �+Z+[ k ¤X: m

tl(ρ) = L(ρ) + L−1(ρ),

tm(ρ) = M(ρ) + M−1(ρ),

tlm(ρ) = L(ρ)M(ρ) + L−1(ρ)M−1(ρ)
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�JpW�~� ��� �� �Q� � 9���{Qm L(ρ)
�

M(ρ) � ρ(l)
�

ρ(m)
s��QnJ �"

#W� %����WwWm
X(π1(T

2)) � m
X(π1(T

2)) = {(tl(ρ), tm(ρ), tlm(ρ)) ∈ C
3 | ρ ∈ R(π1(T

2))}
���
	����	���� �Y� � ��� k m {(x, y, z) ∈ C3 | x2 +y2 + z2−xyz−4 = 0}s�D�@��

π1(T
2)
s

SL2C-
p�t����Dl��W�WsW�]m

{x2 + y2 + z2 − xyz − 4 = 0} = X(π1(T
2))

�?@]�Q�

1.4 Function ring χ(G)

�l� m������&
C[x1, x2, . . . , xn]

sQ�W�]�W�
S
kQ�~{QwWm 〈S〉 � S

��()
�l���������lzQpW���~�]}QkWm

S = {f1, . . . , fp}
sl���Wm

〈S〉 =

{
p∑

i=1

hifi

∣∣∣∣∣ hi ∈ C[x1, . . . , xn]

}

�Q�W�V�
g9]m

G
s

character variety X(G)
kQ�~{Qm��Ws"�#�&

C[x1, x2, . . . , xm]/〈X(G)
s  W¡ ����� 〉

� m � 1.2
�� �M9

T
s��D%�zWm

χ(G)
�QpW�~�W�VkQ�l�Q�

!
.
�]�W�W�

V ⊂ Cn
kQ�~{Vm

{f ∈ C[x1, · · · , xn] | f(x) = 0 for ∀x ∈ V }
z

I(V )
�Tp {Qm

V
s

ideal
�Tv�" � �Qsl����Nl�  W¡ {�9

χ(G)
s�#�? :Tk

C[x1, x2, . . . , xm]/I(X(G))

z�$Wvlw�0Qm �l��%�& s�'8lz�( �l�W���W�� �Q� � �Qs�)W�lk<uWvlw � [2]z�*�+]� %
C[x1, x2, . . . , xm]/I(X(G))

z
X(G)

s
coordinate ring

�W¤T¥W�

2 A-polynomial
� � m

K
z-, �ID�.�/

S3 0 s�'�1-2>m N(K)
z

K
s

open tubular nbd�T�l�����Wm
GK = π1(S

3 −N(K))
�T�l�Q�lgQh
m���s�3�4�5��lz�6�=]�Q�

R(GK)
r−−−−−−→

∂ 798;:9< R(π1(T
2))

t

y
yt

X(GK)
r̃−−−−−−−−→

induced map
X(π1(T

2))
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�W�V�Wm
∆
z

R(π1(T
2))
sQ�Z�pWt�@��Q�W�Q�W�W�]�~�T�l�Q�

ulg :�m
π1(T

2) = 〈l, m | lm = ml〉 �W{Qw]m

∆ :=

{
ρ

∣∣∣∣∣ (ρ(l), ρ(m)) =

((
L 0

0 L−1

)
,

(
M 0

0 M−1

))
, L, M ∈ C− {0}

}

z�6�=]�Q�
t : R(π1(T

2))→ X(π1(T
2))
s

∆ � s�� o t|∆ � mQ; 1
� !�� {�9 ¤ "ck]m

(ρ(l), ρ(m)) =

((
L 0

0 L−1

)
,

(
M 0

0 M−1

))

sl���]m
t|∆(ρ) =

(
L + L−1, M + M−1, LM + L−1M−1

)

�Tp~�Y�l�Q�
N���s<�IZ p
t �

(ρ(l), ρ(m))
s �<���<� s

(1,1)-
) � z��>� ��v " %
	

����
j : ∆

∼=−→ (C− {0})2 z 6�=
m p : (C− {0})2 → X(π1(T
2))
z m

p := t|∆ ◦ j−1
�  �¡ ���V� �+�Vk�m �]���]�

V ⊂ (C− {0})2 kR��{Vm cl(V )�
V
s

C2
kQ|��W�����lzQpW�>�

R(π1(T
2)) ⊃ ∆ - -∼=

j
(C− {0})2 cl C2

t

?

t|∆



p

	
X(GK) -r̃

X(π1(T
2))

�l���Qm�����) :��Wu]�
�J�

2 (CCGLS [4]). cl
(
p−1(Image(r̃))

) � m C2 0 s algebraic set
k �

�Q�~���QkWmQ�
irreducible component � dimC ≤ 1

�
�Qs��������

I
(
cl
(
p−1(Image(r̃))

))
⊂ C[L, M ]

sWm��D
1
s�)W�lkQ���

�l�V�W���������
I
(
cl
(
p−1(Image(r̃))

))
1-dim

z�6�= � �c� � L������ ���k�� �$% m L �����
� � 〈f〉 z � �>w } �R� � L ��� ��� � k � � � � � m [8]
s


��
1.13

z *�+�� %�( �Y�C9
f
z]m������

K � A- � �"! � #�1 m AK(L, M)�QpW�>�
$�% ��& � m [5, 6]

z�*�+]�
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3 Kauffman bracket skein module
�W�V� � m M

z
compact orientable 3-manifold

�T�l�Q�
C[t, t−1]LM

z m
M 0 s framed link1

s
isotopy class

�$(')]� �
C[t, t−1]-

module
�T� � � ∅ 02(�)D~�W{Qw���MWwR|~}2% ��Qs����Wm

M
s

Kauffman bracket skein module Kt(M)
zWm

Kt(M) := C[t, t−1]LM/S(M)

�  ]¡ �l�Q�~�]�Q�Wm
S(M) � m��ls Kauffman bracket skein relations2

�
()W���Qi��ls

C[t, t−1]-submodule
�Y�l�Q�

Kauffman bracket skein relations

= t + t−1

L t = (−t2 − t−2)L��� m�KIL�s 9IM
m
Kauffmann bracket skein module

z
KBSM

�<���
�l�Q�

4 Result
�W�V�����W�l����'8 � �l�,W�Q�

	�

1.

〈AK(L, M)〉 =
√〈

c̃l ◦ ι(KerΠ)
〉

1-dim��)�� ���]�V��m
1-dim � 1

��D�)]� kV���]� ����� ��� z �V�����VzVq�{Vm
√∗ � �������ls radical

zQpW�>�
 �� s�� s

c̃l : C
[
L, L−1, M, M−1

]
→ C[L, M ] � m operator cl

kQ���W�
�G�ls ¤ "T� � � �, �

: C[L, L−1, M, M−1] 3 f =
∑

i,j fijL
iM j

kQ� {>m
degL(f) := min{{i | fij 6= 0}, 0}, degM (f) := min{{j | fij 6= 0}, 0} �J� ����Wm

c̃l(f) := L−deg
L
(f)M−deg

M
(f)f.

Π � KBSM  s ��� �WmA,l�Q�  W¡ z���=]�Q� ι � mY�ls�5��lz 3�4�kQ������ �
5����]s
p∗ � m 2 � s p : (C− {0})2 → X(π1(T

2))
s������

dual
�

{Qw�( �T�l� ��� �Wm
Φ1 ��� �  W¡ z���=W�Q�

1M ��� framed link �������! #"�$%� annulus � disjoint union � M &'�)(%*,+�-'��./�0214365�7
2diagram �)8:9<;6=)"2�2>6� [2]

/�?2@27

5



-C
[
L, L−1, M, M−1

] c̃l
C[L, M ]

6

χ(π1(T
2))

Φ1

>
p∗

� ι

�

K−1(S
3 −N(K))�Π K−1(T

2 × I)

�Qs � s�� :T� � m
(1) KBSM K−1(S

3 −N(K))
m K−1(T

2 × I)
s

algebra ��� s����~�Qm ��
Π
s  W¡ �

(2)
���

Φ1

s  W¡ �Qm
Φ1

s
well-definedness

s����Ws���W�
(3)
 �� s����Ws����W�

zQ�l���W�QkQ�l�Q�

4.1 KBSM � algebra �	�
KBSM K−1(S

3−N(K))
k � m framed link

s
disjoint union3

��
 z  ]¡
� �Q� K−1(T

2 × I)
k � m I ���� s framed link

sG4�� ,?ORl��
lz  W¡
���V���]�R�]m

t = −1
s�*��+[�zl{VwVv���s]�]m �R� �Q��3�4�&�k]� ��wVv

�
4
��� � wWm$*��[�zl{R�Qv 	�� s

t
� � m',W� ��� �

A-
������s

‘
1�3�4

�
’
��6C=��T�l�l�W�QkW�W�V� ��� {W} � [1]

z�*�+W� %
�Vw m K−1(T

2× I)
kV� {Rm

H1(T
2)
s�(+)�D

meridian
m

longitude
z���M

wQ|~}:�~�T�lkl¤�:�m
T 2 × I ⊃ T 2 × {1} → ∂(S3 −N(K))

s %�	 � �   gW�Q�~�Qs ��� kl¤�:�m����lk����~�T�l��&Wx %��
5
z

Π : K−1(T
2 × I)→ K−1(S

3 −N(K))

�T�l�V�

3 ��� 2 "%� framed link � � � � S3 − K = (�* +"!$#&%"' �$(") 5$* � 2 "�� framed
link � disjoint union �)���,+,#.- /,/�0 S3 − K =�(6*)+21,3�'�� /�02123%5�7

4t = −1 = 465 5 Kauffman bracket skein relation
/ 7'5 � �98,:%� ;=<6�?>2@BAC#4>2�5,D � *�E $ 5)7�D #6=,F6GCH *,I2J � K 5,D � ' E $ 5�7

5K
−1(T 2 × I) � K

−1(S3 − K) � empty link φ &'� L,M,3!�CN�O 5�7

6



4.2 Φ1 �����0� well-definedness

�W�V� � m���� N
�Wm

E(K) := S3 −N(K)
m]g9 � m T 2 × I

zQpW���W�
kV���R���	��r

π1(N)
s

character variety X(π1(N))
s+"�#�&

χ(π1(N))
z

6�=W�V�
g>h m K−1(N) 3 K: framed knot

k�� {�m
K
k�
� �  �
z � � m����� �  � 0�� M wO% freely homotopic

�
γ ∈ π1(N)

z��
¥��
��k ¤ : m
tK : X(π1(N)) → C

zWm
tK(χρ) := tγ(ρ) (= trace(ρ(γ)))

�   ¡ ���<� �
�<� m

χρ � ρ
s

character
� ¤��WwWm

tK ∈ χ(π1(N))
�SP �OR �<�~� �<� m

A ∈ SL2C
kQ�~{Qm

trace(A) = trace(A−1)

��) : �]u�s]�]m
tK � K

s  ��s�� : � k�¤+�V�Vv��]�Rk !�� ���V� �Rw�m
Φ̃ : K−1(N)→ χ(π1(N))

z m�g h
framed knot

N �
K 7→ −tK

�   ¡ { m 	 � s
framed link

k
�~{Qw � m algebra

sQx %�� � {Qw����Q�l�Q�Wulg�: m
n
)W�ls

framed link

L = K1 t · · · tKn

kQ��{Qm

Φ̃(L) :=

n∏

i=1

Φ̃(Ki)

�  W¡ �l�Q�~�Qsl���Wm��lsl�W���Qq~�T�lwRvl�Q�
	 


2 (Bullock [3]). Φ̃ : K−1(N) → χ(π1(N)) � well-defined
� m����

algebra
x %�� �~��VkWm

algebra
%��

Φ : K−1(N)/
√

0→ χ(π1(N))/
√

0

z����]�l�Q�~�W�Q�Wm √
0 � nil-radical

�
�W�V�]m

N = T 2 × I
sl��� � m K−1(T

2 × I)
0Qm

χ(π1(T
2 × I))

0Qm ���
�

nil-radical
z�!WulsW�Wm

algebra
%�� ���

Φ1 : K−1(T
2 × I)→ χ(π1(T

2 × I))

��(��Y�l�l�W�QkW�W�Q�
 ��

2
s

well-definedness
s�����s���

. KBSMK−1(N)
s  �¡ ¤ ::m ∀χρ ∈

X(π1(N))
kQ�~{Qm

Φ̃(L + L0 + L∞)(χρ) = 0, Φ̃( + 2)(χρ) = 0

zQqR�>��QvW� �W�Q�Wm
L
m

L0

m
L∞ � m������ k Kauffman bracket skein

relation
z�.WtW�l�

framed links
�

7



gQh mQ����?@W�l¤�"YkWm
Φ̃( + 2)(χρ) = Φ̃( )(χρ) + 2Φ̃(∅)(χρ) = −trace(ρ(e)) + 2 = 0

��) : �WuW�
�lk]m 5Wsl¤ "YkWm

L
kQ���W���

π1(N)
s$D

6
z

ab
�T�����Qm

L0

m
L∞

k
���W����D � m��Q���Q��m a t b

m
ab−1

�Q�]�Q�

L

�I

ab

L0

I �

a t b

L∞

R

I

ab−1

KL�s9MWm
ρ(a) =: A

m
ρ(b) =: B

�T�l�l�Qm
Φ̃(L + L0 + L∞)(χρ)

= Φ̃(L)(χρ) + Φ̃(L0)(χρ) + Φ̃(L∞)(χρ)

= (−tab(χρ)) + (−ta(χρ))(−tb(χρ)) + (−tab−1(χρ))

= −tab(χρ) + ta(χρ)tb(χρ)− tab−1(χρ)

= −trace(ρ(a)ρ(b)) + trace(ρ(a))trace(ρ(b)) − trace(ρ(a)ρ(b)−1)

= −trace(AB) + trace(A)trace(B) − trace(AB−1)

�Q�W���Wml�T� � trace identity
¤�:�m

0
�Q�W�V�

4.3 ��� 1 ���	�����	�
"�#�& �

character variety
s��]� $ k�¤ �]w]m N�s����C@��Vm � ��k � s

�	�������~�T�l�Q�
X(π1(E(K)))

r̃−→ X(π1(T
2))

p←− (C− {0})2 cl−→ C2

χ(π1(E(K)))
r̃∗

←− χ(π1(T
2))

p∗

−→ C
[
L, L−1, M, M−1

] 
cl−→ C[L, M ]

;�=>]m
r̃
s

dual map r̃∗ �
r̃∗(f)(x) := f(r̃(x)) for x ∈ X(π1(E(K)), f ∈ χ(π1(T

2))

�  W¡ �T�l�Q�
�T��kl¤�:�mWgQh
m

〈AK(L, M)〉 =
√〈

c̃l ◦ p∗(Ker r̃∗)
〉

1-dim
6L = freely homotopic K π1(N) � � 7 4.2

/�?2@27
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�?@]�Q�W�l�l�Qm  ��
1 � m��ls�-.�@�� � " �

��
3. √

ker r̃∗ = ker r̃∗# = Φ1(Ker Π#) = Φ1(
√

Ker Π)

��)��]�~�W�Q�Wm
r̃∗#
m

Π# � m r̃∗
m

Π
@������lk����~�T�l� ��� �

.�B]m  ��
2
¤�:�m��ls�5�����3�4lkW�W�l�W���?@]�Q�

χ(π1(E(K))/
√

0
r̃∗

#←−−−− χ(π1(T
2))

x∼= Φ1

x∼=

K−1(E(K))/
√

0
Π#←−−−− K−1(T

2 × I)

5 KBSM K−1(T
2 × I) � algebra ���

.�B]kWm  ��
1
z�$]vlw]m

A-
�����lz�����{W¤�"V�T����)]� � m �Qv�9Qv

Π : K−1(T
2 × I) → K−1(S

3 −N(K))
s

kernel
z���� �W� >��Qv �~�Tv "

s � m ι : K−1(T
2 × I) → C

[
L, L−1, M, M−1

] � m��lsl¤�"Tk���	~�T�lwQv�@��V�,W�Q�
gQh m��Ws  W¡�
 s K−1(T

2 × I)
k"l{QwWm��ls %�	 � �,W�Q�

¢W£
2.

K−1(T
2 × I) = spanC {(p, q) | p ∈ Z≥0, q ∈ Z}

���'� m
(p, q) � m (p, q)-torus link on T 2×{1/2} with torus framing7

zRp � �
��VkWm����lsQ�]�ls�()D	�lz � :��=W�Q� �Ws9MWkWm����l�������

k  W¡ �T�l������������� ����! z�$ � �l�R�
T0(z) = 2, T1(z) = z, Tn+2(z) = zTn+1(z)− Tn(z)

�Qw]m
p ∈ Z≥0

m
q ∈ Z

kQ��{QwWm
n = gcd(p, q)

�W{�9l���Wm
(p, q)T := Tn((p/n, q/n)) ∈ spanC {(p, q) | p ∈ Z≥0, q ∈ Z}

�J� �>��9�� {<m
(0, 0)T := (0, 0)

��� �<� m K−1(T
2 × I)

s�
 s   ¡ ¤ : m
(p′, q′)k � (p′, q′)-torus knot

s
k
4[lzQp~{VwQvl�Q�

�T��kl¤�:�m����Qq~�Y�l�Q�
¢W£

3.

K−1(T
2 × I) = spanC {(p, q)T | p ∈ Z≥0, q ∈ Z}

7 ��� =����2� � framed link
/

torus T 2 × {1/2} =�� �!9 %:��!2� framing
/�" O >2�5�7$#

[2]
/�?2@�7&%

blackboard framing �)�('�K 5,D �)=*) 027
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�Gs � � sQ( ) D � kG� {Gw � m � � ι : K−1(T
2×I)→ C

[
L, L−1, M, M−1

]

� m���sl¤�"Tk���	~�T���Q�
(p, q)T 7→ (−1)pq+p+q

(
LpM q + L−pM−q

)

g9Wm��QsQ�W�Nls�
 �
(p, q)T ∗ (r, s)T := (−1)ps−qr ((p + r, q + s)T + (p− r, q − s)T )

� �����T�l�Q� � 	�� s t
s�)W� � 1�3�4ls�)W�%lk � [1]

z�*�+W� %

�������
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