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000000000000 SL(2,C)0 0000000000000 OUOOO (character variety)
goooooooobooboboooooooooooboboboooobobobobobo
00000000000000'A(K)DD0O0000AK)OODDODODODODOO0OO000000

F(K) = FOK) - FOK) - FO(K)={0} cC

D00000000000000 F®(K)DOO0OOO?20 abelian knot contact homology O
00 zZO00DOO0OO0OOO0OODO000O00000000000F®(K)0O00000000000
homology 0 Betti D D0 0000000000000 O0DODO0DO0OOOOOOOO

1 ODO0Ooooooobod

1.1 Casson-Lin invariant 0 SU2)0 0000000000000

00000000 M (e, H1(M;Z)=000000000000000300000)00
0 O Casson invariant A(M) ([AM, S)) 00 0000000000000 0OO0O0OO0O0OOO
00000000000000000 MO Heegaard 0O M = Hu, H20OODOOOO
000000 H:O0OOO (ie. 000 Fy:= (g1, --,9,))00008SUR)0O0O003R(HL) :=
Hom(F,,SU(2))/ ~0000000000F := HNH2000O (e. 000 Fyy,) 00
000000 R(F) := Hom(F,,SU(2))/ ~000000000000000000 ¢gO0O
0000000000 g: RH) —2— R(F,) «£— RH?) ODO0DODOO0O0O ¢ (RHL))N

'000000000000000000000000000 (00000000000)0000
F(K)D000000000000 Q@ (K)Onilradical 0000 Q¥ (K)/4/00 F(K)ODODOOODOODO
S00000SU()000000D0 SOB)0000000ONONOO (e, SUR)ODODODOOOODOOO)OO0OO0O



¢@(R(H?) C R(F,) 0000000000000 0000000O00O0D00000000
ob00 “+,=00000000000D00O00O00 algebraic intersection number [
G (R(H ) Ng(R(H?)OOODDODODO0OODODOOOOHeegaard 0000000000000
O00000000 A:{00000000}—-Z0O0O0O0000000 Casson invariant 0
0ooooooo

Casson 00000000 Xiao-Song Lin 00 S300000 KODODOOOOOOO Casson-
Lin invariant h(K) ([L1)000000000000000000 braid00 o€ B,000
D02p-00000 S2000000000000 Ex00000000 Eg:=Hu,H2O00O
O00000egenus000000000000000000S2000 HlOosS*0o00000
D000000 H20O0OOOO braid 0000000 “0000%genus 000000000
oooooooooog

H;
0D0002p-00000 83, :=HNH2000000000%R(S32,) := Hom(m(S3,),SU(2))/ ~
00000000 Casson invariant 000 00000000000000000D0O0 SU(2)

000000000 he RHY 2 R(S2,) <2 RH?) 0000000 h(R(HL)) N

he(R(H2) C R(S2)0000000000 Lin00OSU(2)000000000000000O
000000 meridian®0 0 O trace-free00 00 traced 00 00°000000000000
D000 Ro(H}Y), Ro(H2), Ry(S3,)00000000000000 hy(Ro(H}))Nhe(Ro(H2)) C
Ry(S2,) 00000000000 Casson invariant 0000000000 “4,-"00000
00000000000 algebraic intersection number 00000 000000000000
000000 braid00000D0O0000O0O0OO A:{000 }—-ZOO0OODOOODOO
Casson-Lin invariant 0 0 0 O

000000000000 Casson-Lin invariant 0 D 0000000 (signature) O %DDD
00000000000000000000 SU((2) trace-free0 0000000000000
000000000000 000000000000000D00000000 Lied SL(2,C)
000000000 trace-free00000000DOO0OCOOOOOOOCOOO?O0O0O0OO0O
0000000000000 0000O0

1.2 Kauffman bracket skein module(KBSM) O character variety 10 0 0 00

000000OO0bOoOooKBSMOOOOOODODODOODOODODOOOODOOOOOOOOon
000 KBSMOOO ([N3])0D OO0 UD. Bullock 00O trace identity 0 Kauffman bracket
skein relation 0 0000 ([B,PS))0000trace0 0000 (D0 21) 000000000
skein relation 0000000000000 ODOOKBSM O0O0OO character variety O 0 O O
000000 EBSMUOOOOUOODOOUOOODODODODOOODODOOODODOOODOOOOOOO
000000000000 000O0OUO0OO N3jooooooo.)

4Cassoninvariantl]l]DSU(2)DDDDDDDDDDDDDD

S000H: O longitudeD OO0 S2, 0000

00000000 trace-free 00000000000 h, 00000 braid 00 Magnus 00 ([M]) D00
ooooo



2 SL(2,C)-character vaiety D 00 Sy(K)O0 O OO0

00 Section0 0000000 character variety 0 00 0000000000000 DO OCasson
invariant O Casson-Lin invariant 0 0 0SU(2)000000000000000O0ODOOSL(2,C)
0000000 (character variety) 0000000

2.1 SL(2,C)-character variety X (G) O trace-free 0 0 O Sy(K)

00000000000000 GO SL(2,C)00 (e, 0000)00000GO SL(2,C)
00000000 Hom(G,SL(2,C) 000000 p: G — SL2,C) 000 x, 0 x,(g) :==
trace(p(¢g)) 00D O0D0GO SL(2,C)00000000000 X(G)00O0O0O

X(G) :=={x, | p € Hom(G,SL(2,C))}.

X(G)ODDDOOOO Culler-Shalen([CS)) 000, 000000 CNO0O0D0ODOO0OOO00O0OO
000000000000000000000000000000000 X(G)OO0O0GO
character variety 0 0 00 0000000000000000000000D GxkOOOODO
000000 Eg:=8-NK)DDODO m(Ex)0000 (00 NK)DDDODO K cS20
0o0o000)o

Example (character variety)O trefoil 0 000 G3, = {a,b | abab~ta b~ =1) 0000
character variety 0 X(G3,) = {(z,y) € C?* | (y+2)(y+2*—1)} 000000000

e Hom(Gs,,SL(2,C)) = {(p(a), p(b)) € SL(2,C)* | p(abab—ta~b~1) = p(1)}

ABAB 1A-1B-1 = [ 10 ] }
0 1

ABAB 1A-1B-! = [ Lo ] }
0 1

= {(A,B) € SL(2,C)?

hd X(G31) = {XP | pe Hom(G31’SL(27(C))}

= { (trace(A), trace(AB™1)) € C?

O000SL(2,C)0000 traceJ000DOD0OO0UOOODOOOOOO
o trace(X 1) = trace(X), X € SL(2,C).

o trace(Y "1XY) = trace(X), X,Y € SL(2,C).

o |trace(XY) = trace(X) - trace(Y) — trace(XY 1) |, X,Y € SL(2,C).

U0 30000000 trace identity [ U U Cayley-Hamilton identity 0 0 OO0 0O O
trace identity 00000 300000000A4, BOOOO word’D trace 0 O trace(A) O
trace(AB~H)000000000%00000x := —trace(A), y := —trace(AB~1) 000000

trace(ABAB™'A™I1B™Y) = —¢® — 22%% — (2 + 22 — 3)y — 22 + 422 (1)
000000002 trace(ABAB'A™'B™ ) = (y+2)(y+2*>-1)200°0000000

X(Gs,) ={(z,y) €eC* | (y+2)(y +2° — 1) =0}

‘0000000 word0 OO0 A°B°AB?A> 000
8Gonzilez Acufia-Montesinos 100 0000000000000 000O0O ([GM)0D0000O0O0O0O
‘0000000000000 oOn X(Gg)OOOOODOOOUDOOOUDOOO (o 3.200)




00 2.1 (trace00000) 0000 (1) 000 Otrace identity 10000000 trace 00
U000 trace0 00000000000 Otraced000noonn

00 2.2 0000 GkOOOOOO character variety X(Gg) 000 So(K) OO O trace-free
00000000000 X(Gx)OOOOOOooOoOooooooooooooooooooo

So(K) == {zy € X(Gk) | xp(p) = 0} C X(Gk).
2.2 Sy(K)00O0O
00 Sy(K)000000000000000000000000000

1.000000 KODOOSK)#¢0(0ODODDDODOOW)

2. Sy(K)0onoooon BCUEl L 1000000000 (Section 2.2.100)

3.small0 000 KOOOOdime(So(K))=00 (small = meridionally small 0 O )

400000 K = K1#K, (00 |Ag,(-1)| #1,4=1,2) 0000 dime(So(K)) > 1.
(K],p.8160 110000). 00 Ag(t)0 KO Alexander 0 000

5.small 0000 KODODODOS(K)OOODODDOO degy(Ax(m,1))+1 00000000
(IN3]00)000 Ax(m,)0000 KO 1—-100000 A-000 ([CCGLS])O

ooooooo200000000000

2.2.1 00 200000 metabelian 0O
So(K)ODOODOODODO trace-free0 0000000000000 O Ometabelian000000

00 2.3 (metabelian00) O GOOO p: G — SL(2,C)000000O [G,G]0 pOODO
0 p(|G,G)) 0 SL(2,C) 0000000000000 metabelian0 00000

O00000000 metabelianJ 0000000000000 metabelian0O00O00O0O0O
Ooo0oDoOoOO00DbOoO0U0O0oDOoO00oDOo0dOdu A0 KOODOO meridianO longitude O
OO00D0O0 GgOOOOOO

00 2.4 ((N1]) D000 Gk 000000 metabelian 00 p : Gx — SL(2,C) 0000
ugno
trace(p(p)) = 0, trace(p(N)) = 2.

00000000000 metabelian 000000000 So(K)00O0O00000000MO
uboobooobooboobbooboobobooobod

00 2.5 ([N1]([K, L2] 0 SL(2,C)-version)) 0000 Gg 000 metabelian 00 000
p LGl gpp.

o0250000002000000000 metabelianOOOOO0O0OOOOODOOODO
0000000000000 Gk OOODOD ¢ : Gy — () 00OD0O00OO0OOOO10000
a_1:Gg - COa1(p) =—-1000000«-; 0000 involution ¢ : R(Gg) — R(Gk)O
t(p)(g) == a_1(g9) - p(g) (¢ € Gx)O O OO character variety O O involution ¢ : X(Gg) —
X(Gk), txp) =xpy 000000000

0000 pa : Gx — Hi(Ex) — SL(2,C), pan(p) = diag(v/—1,—/—1) 0000000000 (00 OO
00 K O meridian)O
U0poooOoDOo2400000000000000




00 2.6 (NY]) 000000 KOOOOOOOO p: Gx — SL(2,C)00000000 20
(1) p O metabelian
(2) 0000 ge Gg ODOODOtrace(e(p)(g)) = trace(p(g)) (OO0 (x,) = Xp)

3 008(K)00D0000000000 FK)ooOo

00 Sy(K)ODOOOUO0OOoOU00o0oOoU0o0ooouoouoosS(K)oooooooooo
O000000000D00000O0Casson-Lininvariant 0000000000000 0O00ODOO

00 3.1 (norm) 00000 VOOOOOO norm ||[V||0 (VOOOOOOOO)-10000

000000 KOOO So(K)#¢000000nom ||-||[000000000000000
so: {000 } — Zso, so(K) :=||So(K)]|.

O000000C0O00O norm OO Casson-Lin invariant 00 000000000000 0O0O
(dimc(Sp(K)) = 000000)0000 geometric intersection number 00 0000
ugooooobon

00 3.2 Section2.100000X(Gs,)00000000000000000O0ODOO0O0O
000000000000 030000 GxkOOOO X(Gx)OOOOODOOOOOOOD
00000000 (b0b0oo0o0)o0000000bO0o00o00oo0oO0ooooDOoDo
00 (000000000)00b0000o0oo0o0g Fy(n > 3)0 character variety X (F,,) O O
trace indentity 1 D 0 0000000000000 O0O0O0O0O00OOOOO (Gonzalez Acuna-
Montesinos([GM]) D0 DO X(F,) (n>1)0 (0O00OO0O00)000000O0O0OOOODOO.)

003200000G,00000000000X(Gx)0000 So(K)0O0000000
00000000000000000000000 Section 31000000 K O braid 00
ceB,000000000X(Gx)00000000000000000000000 (600
0000000)00000000000 (ideal) SL(o) 000000

3.1 000000D0D0O0O0ODODOOO4Ideal SL(o)000

000000 KOOODODO Gk OOKObraidOO ceB, 000000000O0OOODOO

Gr = m(Hy) *xsz) M(Hp) = (91,190 | 9 = 0(gi) (i =1,---,n)).

OO0Obraid c 0000 m(H2) ={g1,---,9,) 00000000000000000

1 oo . -1 oo .
e gir1 Gy, ifj=1 _ it1°GiGiq, ifj=i+1
oi(g;) ::{ 9; - 9i+1°9i J o7 (g;) ::{ 9i+1 " Ji " Yip1 J

. b .
otherwise otherwise

Ipiit1(5) Ipiiv1(4)>

(00 pss104,i+1000.) 0000000 23 =0(z;) (i=1,---,n) 000000000
0000000000 «-000000000000000000000000 f4, go,4,, 00
00000000O00Otraced0 t, : X(Gi) — C, t4(x,) = trace(p(g)) (9 € Gx) OO OO

Tij 1= —tge, (1 <0 < j <), Tijr = —tggg, (1 <1< <k< n), hi == —tg«(1 < i < n.
D0 «0000)000CY = Cl{ay i<icicn, {Tijk hicjar<n) 010000000 ¢P-00
Ay =52 (en,cPr)® 0000 (00 0¥ 00 tensor 0)0

“ogpoo su(0oo0o00oo0oooond



e h;00D000ODO f,,0f,.0000000000O

fgfl(hj) =

Tiir1hi —hipr, ifj=i
(hj) = ’ )
Toi(hy) { otherwise i

h

{ Tijprhivr —hi, ifj=i4+1
Piit+1(J)>

Ppin () otherwise

o fori(hiy ® - ®hi,) = fori(hiy) ® - @ fe(hi,).
e A, 00CP 0000 e: A, -cPooooooooooon

Liyiq if i1 < ig

c(hi, @ hiy) = 2 ifip =iy
Ligiq if 11 > ig
c(hi, @ hiy @ hiy) = Sign(T)xiT(l)iT(z)iT(s)

00070 i,y <ire <irz 000030000000

o (1) f,01 (X seh) = Sy fotr(sk) fo (i) (sp ecP)onDo cP-0000.
(2) 00O 8(miy4y, Tirigis) €CY 0000

foiﬂ (S(xi1i27xi1i2i3)) = S(fol.ﬂ (xi1i2)7fo'ii1 (xilizig))ljfcriil u Cg) oood.

(3) fO';l:l (:Euzm) :=co fcr;l: (h“ R R® hzm)D Ly iy oooo fo_z;lzl ooag.
4) fyve i =fyofyp (weB,)0000 braiddO OO,
000 A4,0000 f,000001

1, ifi¢ Ap

o ogoooon
0, ifie A,

oDDDDDAmCﬂ,~mﬂDDDDmA0&{

o G (hiy @@ hi) = [ D) @ @ f5r ™ (hy).

00 3.3 (ideal SL(0)) braid 00 0 € B, 00 00SL(e)D0D0OOD0O0O0O0O0O CY
O ideal D000

c(fo(hi @ hyj) —h; @ hy),  (
c(fo(hi @ h; @ hi) — hi @ hy @ hy),  (
(9o, a5 (hi ® hj) —hi @ hy),  (
c(go,a5(hi @ hj @ hy) — h; @ by @ hy),  (

goennoono, (

000000 60000000000000000000000O0O0O0OO ((N3)JOO)ODOOO
0060000000000 ¢(fs(h)—h), c(goa,,(h)—h) 0 X(Gg)ODODOOOODODOOO
D0000000000000000000000000000 Flo)ODObraidODDOOODOO
0o00oooto

8o, : B, — Aut(C?), ®n(0) == f, O braid 00 Magnus 000000000,

“000S8L(r) 0000000 6000000000000000000 MarkovmoveJOOOODODDO 6
00D000D000000S(K)000D00000000 A(K)DODOODDO0OO00 6000000000
0000000000 60000000000000000000




00 3.4 (Markov move) BraidO B, 00 o 000000 200000
o ofloctt (1<i<n), o< ool
0 Markovmove OO0 (0 0O0O0OO0IDOO00O0OOOD IOOO)O

00 3.5 (Markov move J0OJ 00D [N3]) 000 KO braid00 o € B, 000000
000 F(o), FloFtooi!), Floor},) 0000000

D00 KODOOOODO braid 00000000 Markovmove 000000000000
3500F(¢) 0 braid 0000000000000 00O0000D0000000OONKDOO
O braid00 ¢ 000 F(K):=F(o)0OOO0O0000 F(K)DnormO 0000000000

00 f:{000 } - Zso, f(K):=||FK)||0000D000

4 FK)ODOOODO

SL(0) (c€B,) 00000 f,(,) DOODODO0OOloopD0D00O0YDODOOOO

00000000co fo(hi®hy), cogeny(hi@h;) D00 C 1= Cl{zij hcicj<n] 000000
000000000000000 Y /SL(e)000000 (fltration) Q@ (o) := Y /SL@ (o)
0ooooo

Qo) = 2¥(0) > 9P (o) 5 QW (0) =C.
oocl .=cooosc9e)oosc(e)ooooonoooc? oooooooooooo ¢
Oideal 000. 000D (ie.,0 SL@(¢)0000D0)0000000000000000

-0 _
L 7o) PHEL 50y = [0y c ©

F(K)=F9 (o)

Do0o0o00 Fé(e)DOODDODO0O0D0D000D0000000F9YK) = Fd(e)DO0000
norm ||-|| 00000000000 8f(K):=|F9K)|000000(0000000000
0KOOO fi(K)=0.) 000000s(K)00000000000000000 (00 4.1,
00 AO0O).

00 4.1 0D00O00O0O0O0OO0OO0O0O0OO0

1. dimg(FO(K)) =00000 f3(K) > so(K) > (|Ax(=1)| —1)/2. (D0 200)

2. dime(FO(K) =00000 small00 00 KOOODOf3(K) > so(K) > degy(Ax (m,1)).
(0D 500)

3. 2-bridge knot K = S(p,q) 000 0 F@(K) =

400000 K = K1#K, (00 |Ag,(-1)] # 1, d = 1,2) 00 00 dime(FO(K)) > 1.
(00 400)

00000 »owOO0D (00000000000 p:Vi—%% 00000000000
0poD (D0000D00000)00 F(K)D So(K)#A¢00D0DDO0O

Y meridional knot 000 0000000000 t=-10000 KBSM O skein relation 000000
Bopgoooo KOODOOFYK) (6=1,2,3) 000000000000



5 FY(K)OOOOOODOabelian knot contact homology

000000 KO bralddO oe B, 00000n00000 ZzO00O0O0OOO tensor 00O

deg 0 deg1 deg 2
A/—/\/—’\ ) )
Z{ “aij, bij, cij, dij,e; ) (1 <i<j<n)
000000 v@w = (—1)dsvdevy 0000000 7,000007, 00000000
0000 fltration 7, = T2 5 TV 5 T = Zjay] (centerD 000D0) 000000 TV O

0000+0000000000 7,000000000000¢0000000000000
O differential 85 : 7, — 7,07V (i=0,1,2) 00000000000

Lo¥ooooi1ooono
2. Leibniz ruled 5 (vw) = <8§—Z)”u) w 4 (—1)de8vy (8§Z)w> oo0o0oo
3.9 Vo =00

(000 [Ng)lO0OD.) 000003000 homology 0000000

00 5.1 (braid 00 0O contact homology [Ng]) braid ¢ O O O O chain complex

02 g@ 80 oy o 70 %"

n n

0000000 i00 homology HC* (o) (i = 0,1,2) D0 braid ¢ 0000 i 00 abelian
contact homology O 0 OO

0 0 0Markov move 0000 HC®(¢) 0 (0000000 0)00000 ([Ng))O HC?(K)
0 HC®(o)0OOOODODO KO 00 abelian knot contact homology 0 0000
000000 ¢ : € — Zay] @2 C = Clay), ¢(z;;) == —a; 000000y 0000
¥: 0@ (s) —» HC*(K)®z,COODO0ODO

00 5.2 ([N3]) S00000000 KOOO braid00 ¢0000Q® ()0 HCAP(K)®7C
00000002o

0052, 0041(003)0000K 0 2-bridge knot 0000 HC3Y(K) ®7 CO So(K) O
D000000000000000000000000HCE(K)®,CO00000 So(K)O
000000000000 0000000000

D00FA(K)D0000000FA(K)DOD0DO00O00HC(K)®,CO BettiOD O OO0
00000 9¥(;)00000000000 Q(?’)(NUQDDIm(g((,l))285(3)(0),Ker(5§0)):c,(13)
0000000 chain complex -« 22— ¢® %, 00 000 homology 000000000
DO0DO0FG(K)0D0000000FS(K)0DO00D000000Q®(0)0 Bettio OO O2,
00000 F9(K)OODOODOOO0OO000000000000000000000000

D000 FYK)ODODODODOOO

g 9P 08, : 7, »T,0i000 fitee D0O0O0D0O00O0D0D00 1,230000 differential § O
000000000 differential graded algebra(DGA) 00000 (7,,0) 0 DGADOOO

200 9¥W(p)0DOOOOOOOOD0.

20000000 FK)DOODDOOOOO Casson-Lin invariant [ 0 0 O Floer homology [ Euler [ [J
goboooooboooooooobboooooboooobooooooon.
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* Montesinos-3 0 Montesinos knot with length 3

| K[ dim(@F®) [ dim(F®) | f3 | £2 | [Ak(=D)] | degy(Ax(m,1)) |  type

0] 0 0 010 1 0 trivial
31 0 0 111 3 1 S(3,1)
44 0 0 2 | 2 5 2 S(5,3)
51 0 0 2 | 2 5 1 S(5,1)
59 0 0 313 7 3 S(7,3)
61 0 0 4 | 4 9 4 S5(9,5)
62 0 0 515 11 5 S(11,3)
63 0 0 6 |6 13 6 S(13,5)
T 0 0 313 7 1 S(7,1)
72 0 0 515 11 5 S(11,5)
73 0 0 6|6 13 6 S(13,4)
74 0 0 7|7 15 5 S(15,4)
75 0 0 8 | 8 17 8 S(17,5)
76 0 0 919 19 9 S(19,7)
I 0 0 10 | 10 21 7 S(21,8)
81 0 0 6|6 13 6 S(13,7)
89 0 0 8 | 8 17 8 S(17,3)
83 0 0 8 | 8 17 8 S(17,13)
84 0 0 919 19 9 S5(19,5)
85 0 0 12 ] 11 21 9 Montesinos-3
86 0 0 11 ] 11 23 11 S(23,7)
87 0 0 11 ] 11 23 11 S5(23,9)
8s 0 0 12 | 12 25 12 S5(25,9)
89 0 0 12 | 12 25 12 S(25,7)
810 0 0 15 | 14 27 unknown Montesinos-3
811 0 0 13 | 13 27 11 S(27,10)
812 0 0 14 | 14 29 14 S5(29,17)
813 0 0 14 | 14 29 14 S(29,11)
814 0 0 15| 15 31 15 S(31,13)
815 0 0 18 | 17 33 unknown Montesinos-3
816 0 0 17 | 17 35 unknown not small
817 0 0 18 | 18 37 unknown —

818 77 77 77177 45 unknown —

819 0 0 3 | 2 3 unknown Montesinos-3
820 0 0 6 | 5 9 ) Montesinos-3
821 0 0 9 | 8 15 unknown Montesinos-3
946 0 0 6 | 5 9 4 Montesinos-3
10132 0 0 8 9 9 8 Montesinos-3

31#31 1 1 3 3 9 unknown composite




