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§1.0. Preliminaries I

G .= <91792"'7g7“ | Ti(g].?"'?g?“):]- (7’:177S>>
A representation p: G — SL(2,C) is said to be

(1) reducible: 3A € SL(2,C) s.t. A= 1p(g;))A = [ >(\)Z )\il ]
1

e abelian (ex. diagonal)

(2) irreducible: otherwise.

‘The character of p, denoted by x,, means the function

xp(g) 1= trace(p(g)) =: tg(xp) or ty(p), for g € G|

Then the set of characters of all the representations
X(G) :={xp | p € Hom(G, SL(2,C))}

can be identified with an algebraic variety in some complex space,

so-called SL(2,C)-character variety of G.




Knot groups Gy
[Let E = 53 — N(K) Then G = 7T1(EK).

EX. G31 = (a, b | abab—la=1p-1 = 1>= (a,byc|r1 =110 =1,r3 = 1).




Knot groups Gy
[Let Ep =83 - N(K). Then Gx = m1(Ex).

EX. Gz, = (a,b| abab~ta o1 = 1).
X(G3,) ={(z,y) €eC? | (y+2)(y +2° — 1) =0}

where |z 1= —ta(xp)

p X(G3,) in R? (genuine X(Gs,) is in C2)

y = —tap1(Xp)
A

N
y+2=0 /‘2 \
fol

r = _ta(Xp>

v




e Hom(G3,,SL(2,C)) = {(p(a),p(b)) € SL(2,C)? | p(abab~ta1b71) = p(1)}

= {(A, B) € SL(2,C)2|ABAB 1A-1p-1 = l (1) Cl) ”

o X(G3,) ={xp|peHom(Gs,SL(2,C))}

= {(trace(A),trace(AB_l)) € C2|ABAB 1A-1B-1 = [ (1) (1) ] }

Xp < (trace(A),trace(AB~1))

( trace(X 1) = trace(X), trace(Y1XY) = trace(X), \
trace(XY) = trace(X)trace(Y) — trace(XY 1), X, Y € SL(2,C).

trace(B) = trace(A), trace(A=1!) = trace(A), trace(BAB™ ') = trace(A)
trace(AB 1A) = trace(AB 1)trace(A) — trace(A), -+ --- )

Put w := trace(A), z:= trace(AB™1).
X(G3)) ={(w,2) €C?|(z = 2)(z — w2 +1)2=0}|m

Excecise. Show that

trace(ABAB 'A71B 1) | = 23 — 2w?2? + (w* 4 2w? — 3)z — 2w* + 4w?.
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A more general fact: Let K, be an m-twist knot

m 2

(K1 =31, K =41, K3=055, Ky =61, Ks =72, Kg =81, ---)
4 [Gelca-N] & [N] N
X(Gk,,) =

{(@.9) €C? [ (y+2) (Sm¥) — Sm-1() + 22 L5 Si(y)) = 0]

N J

where S;,(y) be the Chebyshev polynomial defined by
Sm42) = ySpm4+1(W) — Sm(y), S1(y) ==y, So(y) :=1.




§1.1. Metabelian representations and its characters I

A representation p: G — SL(2,C) is said to be metabelian,
if the commutator subgroup [G,G] := {zyz~ 1y~ | z,y € G}
is mapped to an abelian subgroup in SL(2,C).

(Note: abelian = metabelian)

Let u, A be the elements in Gg represented by the standard
meridian-longitude system of K.




51.1. Metabelian representations and its characters I

A representation p: G — SL(2,C) is said to be metabelian,
if the commutator subgroup [G,G] := {zyz~ 1y~ ! |2,y € G}

is mapped to an abelian subgroup in SL(2,0C).
(Note: abelian = metabelian)

Let u, A be the elements in Gg represented by the standard
meridian-longitude system of K.

~ Proposition 1.1 [N]

N
For any knot K, any irreducible metabelian representation
p: G — SL(2,C) satisfies
trace(p(n)) = 0|, trace(p(N)) = 2.
N y,




EX: X(G3,) and its intersection with ¢,(x,) =0

hyperplane ¢,(x,) = 0 Yy = —tap1(Xp)

\A
y—I—a:2—1:O
/ \ =ZC:—ta(Xp)
y+2=0 _2<;

So(K) 1= X(Gg) N {tulxp) = trace(p(p)) = 0}
Proposition 1 says that

So(K) D {irreducible metabelian characters}

In fact, | So(K) = {abel} U {irr. meta} U {irr. non-meta}




~ Proposition 1.2 [N] (SL(2,C) version of [Lin], [Klassen]) ~

For any knot K C S3, the number of irreducible metabelian

characters of Gy is finite and given explicitly by |AK(51)‘_1.
N y

EX: So(31) ={ o0, @}, Az, () =t —1+t"1, Az (~1)]=3

~ Corollary 1.1 [N] N
If dimC(So(K)) — O, then
1So(K)|| == (#mu Of points in So(K)) — 1 > LxCDIZ]
> J
~ Theorem 1.1 [N] N
For any 2-bridge knot S(p,q),
[Dspp"DI-1 _ pe
150(S(p, q))|| = =222, =21




§1.2. Application of Sg(K) to the A-polynomial Ax(m,l)

- Reference (definition of the A-polynomial)

D. Cooper, M. Culler, H. Gillet, D. Long and P. Shalen:
Plane curves associated to character varieties of 3-manifolds,
kInvent. Math. 118 (1994), 47—84.

For all xp € X(Gg), find the points (m,l) € C* x C* satisfying

(tu(xp)s ta(Xp), tun(xp)) = (m+m~ i+ 171 im +171m™1)

(ignore the multiplicity of the solutions).

£x = {the above solutions (m, ) € C* x C*}*

Then the A-polynomial Agx(m,l) is defined as the defining polyno-

mial of the 1-dimensional components of £ — {l = 1}.




EX: the A-polynomial A3z, (m,l) =1m® 41

Yy
A _tu(Xp> —Z

—tz(xp) = (—2* 4 322)y — 22* + 622 — 2

1) —t,n(xp) = (23 — 22)y + 22° — 3=z
-t = (_tu(Xp)a _tA(Xp)a _tuA(Xp)) — (377 _2737)
y—|—2\= O _ =(-m-mY -7, —lm—-1"tm™1)
=1
pd
discard these| [ignore multiplicity | (discarding operations)

Yy

(_tu(Xp)a _t)\(X,O)7 —tw\( p))
= (x,2% — 62* + 922 — 2, —a” + 72> — 1423 + 72)
= (—m—mt, =l =171, Alm —1"tm™1)

(m,0) =(£1,=1) or [Im®+1=0
Az, (m, 1) =1mP 4+ 1




~ Theorem 1.2 [Le], [N]

For any 2-bridge knot S(p, q),
deg;(Ag(pq) (m, D) < [1So(S(p, )| = L5+ (best possible)

N

(Key to Thm 2)
e S(p,q) is small and has no meridional boundary slope m

O (R

closed essential surface (swallow-follow torus), essential surface (Conway sphere)

Theorem 1.3 [N] (generalization of [Le])
For any small knot K with no meridional boundary slope,

deg;(Ax(m,1)) < ||So(K)||

Note. At least, 2-bridge knots and Motesinos knots with length 3 satisfies
the above conditions.
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combinatorial category

| dual = '
F(o) - Qo) = pogl%(g)ng
U U SL(o) C Ik
. : dual :- ------------------- : .
: : +__ poly rin
So(K) ! - ; ’CTF,—l(EK) L L %K J
T topological
. category
buixp) =0
‘ 5 o € By. a braid presentation of K
F(o) c c@+(G)
— T heorem 2.1 [N
. X(Gk) . [N -
F(ono) = F(o) = F(o; “00;)
representatio
P o F(K) := F(o) is a knot invariant.
theoretical N~ " By
category FORT7) = F(K) = F(KT)
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(2) 70«
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§2.1 Fundamental properties of F(K) I

-

N

Notations
V|| := (#my Of irr. components of the variety V) —1.

A (t): the Alexander polynomial of K
A (m,l): the A-polynomial of K.

N

~ Theorem 2.2 [N]

N

For a knot K with dim¢(F(K)) = 0,

| F (K| > ||So(K)|| > \AK(El)I—l |

~ Theorem 2.3 [N]
If K with dim¢ (F(K)) = 0 is small and has no meridional 0-

N

slope, then [|F(K)|| = [[So(K)|| = deg;(Ax(m,1)) .

12



0 0 1 0 —

0 1 3 1 S(3,1)
0 2 5 2 S(5,3)
0 2 5 1 S(5,1)
0 3 7 3 S(7,3)
0 4 9 4 S(9,5)
0 5 11 5 S(11,3)
0 6 13 6 S(13,5)
0 3 7 1 S(7,1)
0 5 11 5 S(11,5)
0 6 13 6 S(13,4)
0 7 15 5 S(15,4)
0 8 17 8 S(17,5)
0 9 19 9 S(19,7)
0 10 21 7 S(21,8)
0 6 13 6 S(13,7)
0 8 17 3 S(17,3)
0 8 17 3 S(17,13)
0 9 19 9 S(19,5)
0 12 21 9 Mont-3
0 11 23 11 S(23,7)
0 11 23 11 S(23,5)
0 12 25 12 S(25,9)




0 12 25 12 S(25,7)
0 15 27 Falals Mont-3
0 13 27 11 S(27,10)
0 14 29 14 S(29,17)
0 14 29 14 S(29,12)
0 15 31 15 S(31,13)
0 18 33 Falals Mont-3
0 17 35 Falels —
0 18 37 7?7 —
Falar 77?7 45 77?7 —
0 3 3 Falals Mont-3
0 6 9 5 Mont-3
0 9 15 Falals Mont-3
0 21 39 falale Mont-3
0 6 9 4 Mont-3
0 4 1 falale Mont-3
0 9 11 Falels Mont-3
0 8 5 8 Mont-3
0 7 3 4 Mont-3
0 13 11 Farels —
0 10 5 77?7 —
1 4 9 77?7 #
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combinatorial category

| dual = '
F(o) - Qo) = pogl%(g)ng
U U SL(o) C Ik
. : dual :- ------------------- : .
: : +__ poly rin
So(K) ! - ; ’CTF,—l(EK) L L %K J
T topological
. category
buixp) =0
‘ 5 o € By. a braid presentation of K
F(o) c c@+(G)
— T heorem 2.1 [N
. X(Gk) . [N -
F(ono) = F(o) = F(o; “00;)
representatio
P o F(K) := F(o) is a knot invariant.
theoretical N~ " By
category FORT7) = F(K) = F(KT)
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§2.2 Main tool: Kauffman bracket skein module (KBSM)

Put C; := C[t,t~1]. For a compact orientable 3-manifold M,

{ Li(M) = Span@t{all the isotopy classes of framed links (3 ¢) in M} }

The KBSM K:(M) of a 3-manifold M is defined as the quotient

a a
Ki(M) := L(M)/{Kauffman bracket skein relations at t¢)

Exercise: Check that in K_1(M) the sign of a crossing and
the framing of a link can be ignored. = (K_1(M),U): C-algebra

15



Claj, zijk] (1<i<j<k<3n)

e Krp_1(FK) =

(TF-hexagon and “TF-sliding relations” etc.)

- TF-hexagon relations ~

[ Ti s T T: 1 . . .
11 2 13 (1<i1<inr<iz<n)
Tioj1 Tiojo Tings (1 <j1<jo<jz<n)
| Tizjp Lizjo Lizjz _

! d
xi1i2i3mj1j2j3_§ et

Tji = Tij, Ty =2 (1 <i<n)




(C[ZCZ],CUZJk] (1<i<j<k<3n)

o Krp_1(Fg) =

(TF-hexagon and “TF-sliding relations” etc.)

1. |Krp-1(Ek) := K_1(Eg)/(all meridional loop are zero)

2. [K_1(FPg) =K_1(Hn =Hn(o)) /{sliding relations)

where e o: a braid presentation of a knot K

e n. the number of strings of the braid o.

15-b



C[J?Zj, wzgk] (1<i<j<k<3n)

e Krrp_1(Fg) =

(TF-hexagon and “TF-sliding relations” etc.)

1. |Krp-1(Ek) := K_1(Eg)/(all meridional loop are zero)

2. [K_1(FPg) =K_1(Hn = Hn(o)) /{sliding relations)

A sliding relation: |sl(K) — K

_— 2-handle H;

- -~

S s
~ A

-
-—"

™a knot K in Hn (o)

We must collect all si(K)'s for all K C Hy, for sliding relations.

15-c



Claji, xii] (1<i<j<k<3n)
e Krrp_1(Fg) = L

(TF-hexagon and “TF-sliding relations” etc.)

1. Krp-1(Ek) := K_1(FEk)/(all meridional loop are zero)

2. K-1(Ex) = K-1 (Hy) /{(sliding relations)

_ Clag, w5, z45,] 1<i<j<k<n)
(“hexagon relations” etc.)

15-d



Claij, x4, (1<i<j<k<3In)
(TF-hexagon and “TF-sliding relations” etc.)

e Krrp_1(Fg) =

1. Krp-1(Fk) := K_1(Ek)/(all meridional loop are zero)

2. K_1(Ex) = K_1 (Hy) /{(sliding relations)
Clzi, zij, wijr] (1 <i<j<k<n)
(“hexagon relations” etc.)

3. K_1(Hp>3) =

Claj, i, z45,] (1<i<j<k<n)
(“hexagon” and sliding relations, [z;| etc.)
Clagj, zijk] 1 <i<j<k<n)
(TF-hexagon and TF-sliding relations etc.)

Krr-1(EKk)

e 7y = (TF-hexagon and TF-sliding relations etc.)

{S,C(a) .= (TF-hexagon relations, algebraic TF-sliding re/ations)j

In the next subsection, we define algebraic TF-sliding relations.

15-e



§2.3 Construction of algebraic TF-slidings I

e Type gox: | | 0) |
e Type f,: ': _____ 0) o

16



32.3 Construction of algebraic TF-slidings I

o Type gox: | LO- .....
(1) Decompose z;;...;,, into arcs: -
1 1+ 1 h hz—l—l

(2) Describe the behavior of action o; for h;'s:

T 1 —I— 1 Tii4-1

= fo;(h;) = 2441 -h; —hiyq .

Similarly, we get fq;(h;) = hpz',i—l—l(j) for j # i, where p; ;41 is the
permutation between ¢ and ¢+ + 1.

16-a



(3) Define tensor product ® for h;'s and extend it over Clz;;, z;]:

h; ® h] — Note: h] K h; = @’t‘\'/)@

z®h hj@hi
(4) Define a C[xzw Z]k]-lmear operator c:

C ::7 iy i) = Ty

hi@)hj@hk
(5) Extend fo by fri.m = fry o fr, (15 € Bn) and describe go %, fo:
N~ [1, ifi¢ A
For a proper Apy C {1, --,m}, eyq, (3) := { 0. ific A
1
Go o (hiy ® - @ hy) 1= f D )@ @ £ ™ ()

fa(hil K- & him) = fa(hil) K- &® fa(him)
foQO_pihi) =) foi)fo(hi), fo(@iy.iy) i=co fo(hi, @ @ h;,,)

17



EX: 0 = 0102_10102_1, (the closure of o is 47). figure-8 knot (41)

Let a :=x19,b ' = x13,Cc 1= x23.

co gy 21(h1 ®h2) = a3b — a’c — 2ab + ¢,
cogyqy(h1®@h2) = b°—2,

cogy2y(h1 ®h3) = a°b®—2abc+ c® —2,
cog,q1y(h1 ®h3) = ab*—b%c—3ab® + 2bc + q,
cogyq2y(ho ®h3) = b,

cogyq1y(ha®@hz) = ab’c—a’b® —b’c® + 2,
cog,qy(h1®h1) = —a?b+ ac+ b,
cogs(ha®h2) = —bc+a,

—ab3 4 b’c + 2ab — ¢,

a’b3 — 2ab’c — a?b -+ be? + ac — b,

a3b® — 3a°b*c — 2a3b° + 3ab3c? -+ 4a’b?c
— b33 + a3b — ab® — 2abc® — a’c + b’c + ¢,
co fs(ho @h3) = ab?—bec— a.

0 go(3y(h3 ® h3)
CcoO fg(hl X hQ)
Cc O fg(hl X h3)

17-a



§2.4 Construction of S£L(0) and F(o) for o € By, I

e 0 € B,,: a braid presentation of a knot K C S3.
SL(co) C Clz;j, ;5] is defined as the ideal generated by

s N
C <f0'(hi1 &) hig) — hil &) hig) , for 1 <41 <12 < n,

c (gg,*(hil ® hi,) — hi; ® hiQ) , for 1 <i; <ip<n,
c (fa(hz'l R hiy @ hiz) —hij; ®hj, ® hi3) , for 1 <4y <ix<iz<n,
for 1 <43 <ip <i3 <n,
¢ (ga’*(hil ® hiz ® h7’3) - hil ® hiQ ® h7’3) ? except 11 = 1o = 13.
TF-hexagon relations

.

(“+" runs through all proper subsets of {1,2,3})
Then Q(o) := Clxz;j, 255 /SL(0) .

Definition 2.1 (algebraic variety F(o))
[]—“(K) .= F (o) is the common zeros of SL(o) with multiplicity. J

18




§2.5 Duality of Krp _1(Ek) and Sp(K) I

What is the ideal Zx 7

( (1) |t,-1 =1tz = ignore the orientation of the loop «

(2) byt = tz| = ignore the base point

(3) |trace-identity| < skein relation at t = —

toy = gty — .. — // > < \/
y Y~ Loy \

{equations in t, derived from relations of Gy via trace-id & =, =0} = T

So(K) = SolfU(Z) c Solf(SL(0)) = F(K) =

19



§2.6 Filtration of Q(s) and sequence {F((K)};_1 53 I

For a knot K, let o € B,, be a braid presentation of K.
In fact, Q(o) has a filtration:

Q) = QP (0) 2 QP (o) > QW (o) =

dual | ! !
F(o) = F3) (o) = FP) (o) — F (o) = {0}
M M M

c(B)+(3) ProJ =(5) POl
o QW(0):=c\P /s (o)

where ,,23) = Clzjj, 1], C(Q) = Clxy], C(l) =

20



§2.6 Filtration of Q(s) and sequence {F((K)};_1 53 I

For a knot K, let o € B,, be a braid presentation of K.
In fact, Q(o) has a filtration:

Q) =Q®(0) >QP@(0) D QW(r) =C

dual | | !
F(o) =F3 (o) - FP)(o) - F (o) = {0}
M M M

c(D+(R) P c(3) P9, ¢
e QWD (o) :=ci?/SLD (o)
e SL(2)(5) be defined as the ideal of c,,§2> generated by

C (fa(hzl 04 hZQ) - hil X hZQ) , for 1 <141 <2< mn,
c (go',*(hil ® hi,) — hi; ® hiz) , for 1 <iy <io<n, *={1} or {2},

e SL(1 (o) is defined as zero ideal (0) C C.

20-a



§2.6 Filtration of Q(s) and sequence {F((K)};_1 53 I

For a knot K, let o € B,, be a braid presentation of K.
In fact, Q(o) has a filtration:

Q) =Q®(0) >QP@(0) D QW(r) =C

dual | ! !
F(o) =F3 (o) - FP)(o) - F (o) = {0}
M M M

c(G)+(G) o) c(5) P9, ¢

~ Theorem 2.4 [N]

For d=1,2,3, F(K) := F(d(5) are knot invariants

\(up to isom £).

J

FO(K): trivial inv. In fact, F(K-1) &2 FD(K) = FD(K*) .

20-b



dim F(K) | dimF(K) | ||[F(K)]| | IFPE)|| | |Ax(-1)| | d(Ak) | Type
0 0 0 0 1 0 —
0 0 1 1 3 1 S(3,1)
0 0 2 2 5 2 S(5,3)
0 0 2 2 5 1 S(5,1)
0 0 3 3 7 3 S(7,3)
0 0 4 4 9 4 S(9,5)
0 0 5 5 11 5 S(11,3)
0 0 6 6 13 6 S(13,5)
0 0 3 3 7 1 S(7,1)
0 0 5 5 11 5 S(11,5)
0 0 6 6 13 6 S(13,4)
0 0 7 7 15 5 S(15,4)
0 0 38 3 17 8 S(17,5)
0 0 9 9 19 9 S(19,7)
0 0 10 10 21 7 S(21,8)
0 0 6 6 13 6 S(13,7)
0 0 38 38 17 8 S(17,3)
0 0] 8 8 17 8 S(17,13)
0 0 9 9 19 9 S(19,5)
0 0 12 11 21 9 Mont-3
0 0 11 11 23 11 S(23,7)
0 0 11 11 23 11 S(23,5)
0 0 12 12 25 12 S(25,9)
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0 0 12 12 25 12 S(25,7)
0 0 15 14 27 Felels Mont-3
0 0 13 13 27 11 S(27,10)
0 0 14 14 29 14 S(29,17)
0 0 14 14 29 14 S(29,12)
0 0 15 15 31 15 S(31,13)
0 0 18 17 33 Felels Mont-3
0 0 17 17 35 Felels —
0 0 18 18 37 Felels —
7777 Felels 77?7 7?7 45 Felels —
0 0 3 2 3 Felels Mont-3
0] 0 6 5 9 5 Mont-3
0 0 9 3 15 Felels Mont-3
o) 0 21 20 39 Falale Mont-3
0 0 6 5 9 4 Mont-3
0 0 4 2 1 Felels Mont-3
0 0 9 7 11 Felels Mont-3
0 0 8 5 5 8 Mont-3
0 0 7 4 3 4 Mont-3
0 0 13 9 11 Felels —
0 0 10 6 5 Felels —
1 1 4 3 9 Felels #
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Question. F(K) = So(K)7

~ Theorem 2.5 [N]

If dim(F@)(K)) =0 and [|FP(K)|| = 2xCDIEL then
FO(K) = F(K) = So(K) .

N
c(3) F(K)|D So(K) D {irr. meta. char}
A (?
i o
: y n
FA(K) O—0——0—O0—0—0— (C(z)
; 6
O

~ Corollary 2.1 [N]

For any 2-bridge knot S(p,q), F(S(p,q)) = So(S(p,q)).
In particular, ||F(S(p,q))|| = [|So(S(p,q))|| = p%l :

N

Checked: F(816) = S0(816), F(817) = S0(817), F(10132) = So(10132).
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§3.1 Definition of abelian knot contact homology HC?2°(K)

(Due to L. Ng.) For a knot K, fix a braid presentation o € Bj,.
degO degl deg?2

= 7Z[a;7 a;; Z],cw, dij,ei] 1<i<j<n), |vw= (—1)deguvdegw,,, |

Cn =05 oot 5P = Zlag;]

(2) (1) (0)
0— @ % (1) 9% ~(0) %l

Y

where 8§i) IS a certain differential satisfying the followings:
° 8@) lowers degree by one
e the Leibniz rule 8(1)(1)10) = (8(Z)v> w 4 (—1)9edvy, (8§i)w>
o 980 0ot — o

HC2P(0) = KerdS? /imafith)

24



§3.2 HC3°(K) and F(A)(K) I

For a knot K, fix a braid presentation o € B5,,.

52 e 50

oW %5 0 9%

0— Cff)

HC3P (o) = KerdS? /imafith)

~ Theorem 3.1 [Ndg] N
HCab(a) is invariant under the Markov move type I and II. Hence
CEP(K) := HCEP(o) is an invariant of knots.

J
~ Theorem 3.2 [N] ~
For any knot K C S3 with an arbitrary braid presentation o € By,

there exist an isomorphism
; ® 0 HCEP(0;C) — Q1P (0), ®(ay;) =~y )
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