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ON THE ALTERNATION NUMBER

TETSUYA ABE
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Theorem 1.1 ([1]). 00000000
(i) alt(T(p,q)) =0 <= p=2.
(ii) alt(T'(p,q)) =1 <= (p,q) = (3,4) or (3,5).
(iii) alt(T(p,q)) > 2 <= 000.
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On Alexander polynomials of alternating knots of genus two
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(i) Ax(t™h) = Ax(t)O
(i) Ag(1) = £10
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[f)].0000 f(t)0 «000000000000000000 ADDOOOOODOOOOOOOOOOO0
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00000000 mindegA(t) =000 [A(t)]jp>00000000000
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00000000000000000000000000000000000000000 R. H. Crowell O
K. Murasugi 000 00000000P. Ozsvath O Z. Szab6 000 000000000000000

00 1.1 ([3),[8]). LOODOOODOOOODOg(L)0 LOOOOw(L)0 LOODOO0O0O0O0OO00000O

o deg Ar(t) = 29(L) + p(L) — 1,
o [Ar(—t)]; >0fori=0,1,...,deg Ar(t)

0000
00 1.2(]9). KOODDOODOw =¢(K)0 KOODOODOOOOOOOAK(t) 0 A(1) =100 mindegA =0

OoboboooobooooOobOoOoOoObocOoO0boO sbooooOooooboOooobooOoo

9(K)—s _9ls
(05 (YD A B]0ey —max(0, T2 ) <o )
j=1
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00 1.3. KOO0 20000000000 0000000000000000

Ak (=)o — 1 < [Ax (=) < 6[Ax(-t)]o+1if o(K) =0, (2)
2[Ak (=)o + 1 < [Ag(=t)]1 < 6[Ax(—t)]o — 1 if [o(K)| =2, (3)
2[Ak(—t)]o — 1 < [A(—t)1 < 4[Ak(—t)]o —2if |o(K)| = 4. (4)

000000 20000000 [A(-H)]o0 [A(-#)],0000000000000000000000000
000
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00 2.1 ([12], see also [2], pp. 112-113). 00000 200000000 20000000000 ¢, movel
000000000000 3000000000000 00O00D0DOD0DbO0O00O0ODO0OD0ODO. 0200000
0000000 200000000000000

Ooo0o00 1.300000000000000000000000000000 gmoveDDDDDDDD
DDDDDDDDDDDDDDDDDDDDDDDDDDDEIEmOVGDDDDDDDDDDDDDDDDDD

— Al (—t
DDDDDDDDDDDDDDDDDDDIS’QmoveDDIZIIZIDDD[IEIDDWDDDDDDDDDDD
o(—

0000000000000000[A(-t),0 [A(-)],000000000000000000

3 [Alp<300000020000000000
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000000000000 2000000 [A(h)]p<300000000000000000 200 gmovelil
goobooooboooooooooooa

0D 3.1 ([4]). 00 200000000[A(#)),=1000000 (00000 20000000000)000
0000000000 (up to mirror image)d 51, 62, 63, Te, 77, 812, 31#31, 31#37, 31#41, 41#4;.

00200000000[A#)]e=20000000000000000000 (up to mirror image)0 73,
75, 84, 86, 8s, 811, 813, 814, 98, 912, 914, 915, 919, 921, 937, 1013, 1035, 31#52, 31#53, 31#61, 31467, 41452,
41#61.

00 200000000[A(#))=30000000000000000000 (up to mirror image)0 9,
97, 104, 107, 1019, 1020, 1034, 1036, 1113, 1159, 1165, 11195, 11211, 11214, 11230, 12197, 12691, 31972, 31#73,
31981, 31487, d1#72, 41#81.

00 3100000000000000000000O0O0O0O0O0O0O0O0O0O0O0O0O0O0OOO~O0

0 3.2 (4). 0000000000000 DOOOOOOOOOODOODOOOOODOO

1 —nqt+ (2ng — D2 —ngt® +t* for ny =4 or ny > 8,
1 — not + (2ng — 3)t? — not® + t* for ny > 6,
2 — ngt + (2nz — 3)t? — ngt® + 2t* for n3 = 8 or ng > 14,
2 — nyt + (204 — 5)t2 — nyt® + 2t* for ny > 12
— ngt + (2n5 — 5)t? — nst® + 3t* for ny = 6,10, 14, 18, or ns > 20,
— ngt + (2ng — 7)t? — ngt® + 3t* for ng = 8,16, or ng > 18

00 3.3. 00000 n; >8, ng >6, ng > 14, ng > 12, ns >20, ng > 180000 1.300000000
00000 n =4 ,n3 =8 ,n5=6,10,14,18, ng =8,16 0000 1.30000000000000
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’ K ‘ ([A(=t)]o, [A(=)]1, [A(=1)]2) ‘ o] H alternating knot ‘

820 (1,2,3) 0 31431, 31#37

821 (1,4,5) 2 31#4

944 (la 47 7) 0 ﬂ

945 (1,6,9) 2 A

948 (1,7,11) 2 A
10132 (1, 1, 1) 0 51
10133 (1,5,7) 2 76
10136 (1,4,5) 2 31#4
10137 (1, 6, 11) 0 41444
10140 (1,2,3) 0 31431, 31#37
10120 (2,6,9) 0 8s
10139 (2,4,5) 0 s
10131 (2,8, 11) 2 814, 9s
10146 (2,8,13) 0 A
10147 (2,7,9) 2 811
10166 (2,10, 15) 2 915

949 (3,6,7) 4 ﬂ
10135 (3,9,13) 0 1034
10144 (3, 10,13) 2 31#81, 31#81
10163 (3,9,11) 2 1099
10165 (3,11,17) 0 1010

01 00000000000000000 “00”00000 100000000000000

4 1000000000O0000000OO

000010000000000000000000000000000000O000000000000
D.Rolfsen 000 10000000000000 [10)0000000000000000 [A(®)]p<30000
00000000000000000000000 1.1,1.2,0000 1.300000000000000000
00000000000000000000000000000000000000000000000000
000000000 “0000”00000000000.0100000000000000000degA =4
0000 1000000000000000000000000000000000000000000000
0000000000 “alternating knot” 0000000000000 0000O0O0OOOOOOD 3.10
0000000000000000000000000000000000000000000 (up to mirror
image). 000000000000 000000O000D0 0000000000000000 3200
0oo

000000 1000000000000000000000

KOD 3000000000000000000 7T0000000000000000000000000 3
000000000 K,O0 KOOOOOOO [7]0

00 4.1 (7). 00000 n00000Ag,(t) =Ax(t)200000

O00Ky(rn=0000)00KO K*OOOOOOO. D00D0OO00ODO0O0O0O0OO0OO0OOODOOOOO
Oob0l100000o0o00o0booooooooon



n full-twists

03 ooo

KO == 31#3?, K2 - 820, K4 - 10140 lf K - 31.
Ko = 4i#4:1, Ky = 10137 if K = 44.

T. Kanenobu 000000000000 000000000000 {K(a,b)|a,bez}000000 [6]. O
00 K(a,b) 00 40000000000000000 ¢ (b)0000000000. K(e,b)00000O000
000000000000000

00 4.2 ([5]). Ag(p) = A(e,d) (e =a, 6 =b mod2). 0000 A(0,0) =1—6t+ 112 — 6t + ¢4,
A(0,1) = A(1,0) =2 — 6t + 92 — 6t3 + 2t4, A(1,1) =1 -3t + 52 -3 + 5t - 3>+ 0000

K(a,b) = @

0 4 Kanenobu’s knots

0100000000 K(e,) DOODODODOODDO

K(0,—1) =85, K(2,—1) = 10129,
K(0,0) = 4,44, K(2,0) = 10137.
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On finite type invariants for curves by using word theory
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Braid ordering and knot theory
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1 Introduction

OO0O000bD0O0bO0OO0D0O00n Categorification 0O OO OOOO
O000000000000 Khovanov-Rozansky O O [0 Matrix Factriza-
tion 0 0 00O OO O Ozsvath-Szabé O Manolescu O Seidelld Thomas U
0000000000000 0D0O0000000D00D0ODO cotangent
bundle OO0 ODOOO0OOO0OOOOODOODOODOOOOOOOOODOODOO
OOo0obOoO0o0obooobo0oobo0oobboOoboooooooooooo
ooobooobooooboooboooboooooobboooooog
OO0000000O00DO0O00DO000O00Do0O BraiddDOOOODO
Oooboooboboooooooobboooobbooooboooobooog
OO0bO000O0obO0O0obOOo0oboooboobooboooobooobooo
Oooboooobooooooooboooboooboooboooobog
00000 cotangent-bundle O Lagrangian brane 0 0 O A..category O
oooooboobobobobobooooooboooboobobooDo
OO000oDbO0obOooooogooooo

2 OOoOoobooo

2.1 sheafO0000O

Vet UDOOODODODOOOODODODOOODODDODOOOODODODOOODDOO
O0XO000OOTop(X)OOOOOOOOO XOODOOOOO Omorphism
O injection 0 0000000 X OO presheaf(0 0 ) 000 Top(X) OO
Veet 0000000000 ODOODOOODODODOOsheaf(D)ODODOODODO
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Definition 1. XOOUODO FOOXOOUODOOOOOOODOODOOO
oboooog

O Uo0000000oo0o00v,00000000 se F(U)O s
gdds=0

DSZ-EF(VZ-)D Si’(v;m/j):Sj‘(vim/j)DDDDDDDSEF(U)D 8‘(%)[]
goooooooon

v, =0

000000 0d0d00oooood0oooooooOoooooooao
00 00O Osheafification(0 0 )0 0000000000000 ODOOOO
O00000000000o0ooooooDoooFU)DO00DOoooOvUoo F
O section OO OO0

Definition 2. FO GO XO0OOOOOOOOOOO0OO0OO FO GOO
D00¢: F—-@GOO000X0000U0U00000000000
oU): FU)—GU)00000V CU00000o0ooooooon
0000000000000

FU) — G(U)
restriction lrest'riction
F(v) 2 G(v)

goboboobobobooboboobobooooboboob
000000000000 SAX)D00000000 XO00000mor-
phismO 00000000

OO000000000b00b0ob000O0bO0obObDOO kerneld coker-
nellimage 00O OOODOOOOOO

Definition 3. ¢: F -G UOUOO0O0O0OO0ODOO0O0O &0 kernelO O
ker®(U) = ker{®(U): F(U) — G(U)}

Oo0ooooooooooog
@ [0 imaged O

im®(U) = im{®(U) : F(U) — G(U)}
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000000000000 0000000000D000O00000o0oO
f: X—=Y

00000000000000000000000000000FO X
0000000000000 pushforwardf, FO VO YOOOOOO
00 fAF(V)=F(fY(v)0oooo
GODYODOODDOO0OO0OO0Of000 pullbackf'GOUD XOOOO
0000 colimy-s;nG(V) DDODOOO0D

se F(U)O FOUDOO section00000O s0O support|s| 0 U OO0
HEN

{z € Uls, # 0}
0000000000 f000 pushforward with proper support [

fii Sh(X) — Sh(Y) AF(V)={s€ F(f') f: |s| — Yisaproper map}

gbobobooggd

2.2 Cech cohomology

FOXO00OOOOOOODOOOOODODDOOOODOOOOO0O0O0O00U =
{U}ie;0 XODOOOODDOOOOOOp>000001IWO0I0
D0000p+1000000000000000D000000 I®Q0
00000 orientation 0 Dordering 0 0000 000000000000
K ={ip,- i,y €IPO00000 Uxk=U;,,N---NU;, 00000000

cru; Fy= [ F(Ux)

Keil)

O000CPU; F)O pO0O cochain 00000 coboundary O
d: C°(U; F)— CP*HU; F)

p+1

(ol = " o gl K = Lo i) € 1%

j=o



O0000OO0O00004+£0 KO orientation O K—{ij}DijDDDD
OO0O0O0O0 orientation0 OO0 O00OCOOCOOOOOOO0OO cochainO

cohomology [

. ker dP
HU; F) = im dr~1

O000000000000 cohomologyUODOOOOOODOOODOOO
obdyvbuyooboobooooooobooobooobooo

C*(U; F)— CP(V; F)

O00000000D0 colimit0000000O0O0DOOOODODO cochain
D00000000000000 CP(X; F)OOOOOOCech cohomology
00000 cochain O cohomology 0 O O O p-th Cech cohomology O

ker d* . CP(X; F) — CPTY(X; F)
imdr-1: Cr(X; F) — CrH(X; F)

HP(X; F) =

00000000XO0O0O00oo0oooooooo0ooo0o00 Cech cohomology
O0000DOO000Oo0o0oo0DOo0ooDbOo0ooDoooboooDooboooog
O000d00O00oo0o0ooDOo0oooooDoooDoooooooog
000000000000 000 complexOOOODOOOODOOODODO
o0od

Definition 4. 0 OO

52‘

*)FZ*)FZ—H*)

i €70 §+s =0000000000 compler0000F 0000
OO0{Cr(X;F?), ¢, d}O0000O0O00O0O0O0O0O0O total cohmology O
Cech hypercohomology 0 0 O O

23 00U0b0obooon

0 O injective resolution 1 0 00000 O0OO0OOOOO cohomology
0000000000 o0oooooooo

Definition 5. 0000 XO0O0O FO injective 00000 0Sh(X)DOO
Vect 0OO0DODO0O Homgpx)(—, F)000000000



gbbboodgbobbboooobbbooaoobbo

Proposition 1. FO X OUOODODODODOOOODODODOOOO
0—F —I%F) — IYF) — ---

0000 P(F)O injective 0 0000000000000

OO000000 Godement resolution 0 D0 UOOOOOOOOOODO
O00000DOD injective resolution 0 O 0 00O complex OO 0O OO
injective sheaf 0 0 00 O complex 0 O O O O complex O quasi-isomorphic
0000000 DbOOoDoOOoDooOoon
Oooo0oboobobuooobuoooboboobooobuooobog
000 complex 0O O resolution 0 0 0000000 OOOOOOO

Definition 6. 0000 XOOOODOOOOOO D(X)OOO object O
00000 complex00F*00 G*O0O morphismO O 0O diagram 0 OO
0000000 categoryd DO OO OO

< g o

00000 ¢ 0 ¢ «0 cochain-map O * O quasi-isomorphism 0 O 0O O
oooooo < E .6 i=1,2000000000000

gboboboogodgobobod

By
N
N I

v i %%
12

*

00000000 v, 0000 quasi-isomorphism 0000000

000000000 0Oquasi-isomorphism O inverse D OO0 000000
0000 chaincomplex U0 00000 0D0O0O0OOOOOOOO
goboboooobobbuooouoboobon
F: Sh(X)—ShY)DOOOOOOOOODOODODOODOOOOooooo

>



ooboobooobooboboobooooboobobooboboooobog
J000000000000000000 injective U resolution O O O
000000 OOinjective resolution 0 0 000000 OOOOOOOO
O/0000000

I:DYX) — D"X)

Definition 7. D0D00D0 F: Sh(X) — Sh(Y)ODOODOODODO
RF : D*X)— DY) D0 injective resolution 000 [0 FODOOOO
goggg

3 Constructible sheaf

OO00000000D0O0D0O0D000o0000oo0oDooDooooogon
000000000000 00000 Pseudo-manifold00 00000
0000000000000 0000D0O000C0O00OoO)ooO00o
0000000000000 000000000 FourterOOOQOOOO
OO00DO00D00oO00oooooooooooog
000000 Whitney stratification 0 0 00 OO O000O0O0OOOOOO
0000000 stratification(0 0 0)00000000OCCOOO0OO
000000000 Whitney stratification 0 D 0D 00000 O0OOO
OO0oO0oDOooooooooon

Definition 8. -0 000000000 0O0O0OO0OOOOOOOOOOO
O000000000000dim(X) >00000000000000
000 X =X, D Xpo10.0ox, DO0O000OO0O0O00O filtration OO
reX;,-X,,000000X000N00000000000000
Ooodoo

000 m—yj—-1)00000000000 L=1Ly_j1D---DLy0O
homeomorphism

¢: N, — R x C(L)

(000 C(L)O open cone0 0000 )00O0OO
lpi NxﬂX]_H_HERJXC(Ll)(m—]—lle()))

000 N,NX; 0 R xvertex of C(L)0 homeoO 00O



X,-X;,,00000000000000000 strata000000O
Whitney stratification O O stratification 0 O O O tangent 0 0 0 0O 0O O
OO000000DO00DO0D0O00O0000bO0bOO0DOOobOOobDOoOoOO
DO00D0D000O0000000o0ooon

Definition 9. X OUO0O FOOODODOOOOOOO stratificationX =
X,D---D>X,0OOOOOO000 Flx,,_,-x,_,., 000000 stalk
O000D0O0Db00O000OO0DbOO0ooOOooDOoon

obobooboboob xooobooboboobobooboo
gogooboboogoobobodan

Proposition 2. 00000000 (ADODO0OOOOOOOOO)0O0OO

gog

A2 B

J o)
X sy
000000000 g*fi~hé* 000000000

Definition 10. X O YODODOOOODOOOO U Cc XxYOOOoOoOooOoO
U0 projection 0000 O0O0O0O0OONO

p2 P

Y ~—U—7X
00000 K € Ob(D(U))0O0O0O0O Fourier-Sato transform 0 ®p =
p(K®@pt=): DNX)—DV(Y)ODOODOOO

000000000000 000 Fourier 0000 ooOOoOonoOoOooO
gobobobboooobobobbbbobododoooooooobboo
goboboooooboon

Theorem 1. 0000000 Y xZ0000000 VOOOOOODODO
oboooobooobonon

VXyU
Y \
V U
N R
A Y X



00000 LeD(V)OK eD(U)0O000 LRK :=Loa'KO000
0000000000

CL,K P Pr ~ Prrk

oboobobobobooboobobobowiodTxzZzoboooooo
OO0 MeDW)OOOOOODDOOOOOO

WXZVXyU

TN

WXZV VXYU

- \V/ \U
SN \Y/ N

000000 Cusz, x(Car, 1Px) = Cor, 1wk (PyCr, x) 0000000
00000000000000

Oy PP —— Py Pr

l |

Oy Prwx —— Pumimk

3.1 0JO0o0oooon

gbooboooobboboogoonoo

U0boooooooooooooboobobOobOobooboooooboo
ooobooboboboboboboboboboborobobooboog
Bb=G/T00000000000000000O0ODOOOOOTOOO
goobooo

Ne(T) :={g€ G| gtg' €T foralltecT}

00000 Z(T)(0000TOO0000000000000000)
0000000000 W :=Nu(T)/Ze(T)0 GOOOO00000000
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OO000000000000 BraidO By O WDOUODOOO Yang-Baxter
relation 00000000 0O0OOOOOOOO/O0D00DOOOODOO
00

BxBUOOUOO GOOOOODODODODODODOOOOOObOOoOOooOoo
obooboobog

BxB= HweW(’)(w)

gbboboogooboooobbooodon

O(w)
N

B B
Fourier-Sato0 0 O F, = (pu)i(qw)*: D(B) - D(B)0DO0O0OOOOO0O
000000000 I(v)+(w)=l(ew)0000

O()x0(w) ~ O(vw)
N0000O0000000000000 F,F,~F, 000000
Theorem 2. b=1t,---t, € By OO0 0000

F, = lim(tl,,..tn)ptl...ptn

0000 D(B)O self-equivalence0 00000000000 Braidd By
guoodoooobon



ON A LOCAL MOVE FOR VIRTUAL KNOTS AND LINKS

ooooo
obooooooooooobono

1. Introduction

RPOODDO0O00O00DO00O0O000DOOOO real crossing 0 O virtual crossing O
00000000 virtual knot (link) diagram 00 O .

X X

real crossing virtual crossing

FIGURE 1

20 O virtual knot (link) diagram O, generalized Reidemeister move (Fig.2) 0 0 00O
Oo0o0obooo, 0000000 booboo,boobooooboobd, virtual knot
(link) diagram D 0000000000000, virtual knot (link) 00O 0.

o~ Z-)( K—=X
| X (OK=A

K-=A

FIGURE 2
1



virtual knot theory O O O O O, forbidden move (Fig.3) 0 00O OO local move 0 O O
O,0000 NesonOOOOOOOoOoOoooooDoooOOoO.

Theorem 1.1([1}[2]). O 00O virtual knot O, generalized Reidemeister move O forbid-
den move 0 O OO, trivial knot 0 OO0 OO, O

AN / | |
><<—>>< -
/ AN | |

FIGURE 3

O O, forbidden move 00 0 O 2-component virtual link 0000000000000
0 [4]0.

0000, CF-moved OO virtual knot (link) diagram O O local move 0 0 O O , virtual
knot 0 2-component virtual link OO OO0 O000O0.

2. Preliminaries

Definition 2.1(virtual linking number) [4]. 0 L = K; U K, O 2-component virtual link
diagram 00, V = {vjv : K10 Ky O0OO virtual crossing} 00 0O. v 0O (1,2)-sign O
sgni2(v) 000, FigdODODOOODOOO.

K1 K2 K2 K1

FIGURE 4

ogoogo
vik(Ky, K3) = ngnm v)

veV
0 K, O Ky O virtual linking number 0 0O O .



Example.

Fig.5 0 virtual linking number 0 00 0 0 O, vik(K;, Kp)="#=3. 00

FIGURE 5

Definition 2.2.0 L = K; U K, O virtual linking number 0 OO O 00O 0O O oriented
2-component virtual linkO O O. OO, ¢,co0 K; O KoOOOOODDO real crossingd O 0O .
d,(c,co)0 K100 ¢o00 orientation 0000 ¢c0000000OO0ODO virtual crossing
0000, dg,(c,co) 0 KoOO ¢o00 orientation 0 000 ¢c00000000000O virtual
crossing0 0 00 0. d(e,cy) = dg, (¢, o) + dg,(c,c0) (mod 2) DO 0. {co,c1,...,¢n} O
KO K,O0ODO real crossing0 0000000,

ooogoo.
Example.

Fig.6 0 virtual link 0000 n(L) 000000,
R(L) = |(~1)ene) x (1) + (=D x (+1)
=1+1]=2.

+1

X

K1 K2

FIGURE 6



n(L)D00O0O00000o0oooo.

Proposition 2.3.0 L = KUK, O vlk(K;, K>)0OOOOOOODO oriented 2-component
virtual link 0 O 0. 0000, generalized Reidemeister move d 30 0 0O O O CF-move O
O000,n(L)00000000O.

3. CF-move

Fig.70 00 O virtual knot (link) diagram O O local move 0 CF-move 0 O O .

N\ 1

/7 [

FIGURE 7

virtual knot OO OO, 0000000 0O0O0.

Theorem 3.1.0 0 0O O virtual knot O , generalized Reidemeister move [0 CF-move O O
00, trivial knot DO OO OO .

2-component virtual inkO OO0, 00000000O0O.

Theorem 3.2.0 L = K; U K5 [ oriented 2-component virtual link 0 0 0. Ky 0 Ky O
virtual linking number 0 p 0 0O O. L O generalized Reidemeister move 0 CF-move O [
O0,000000 2-braid virtual linkO0OO0O00OO00O0OD0OO0OOODO.

(1) 0000000
L(2p;0;0;0;0;0) if p>0;
L(0; —2u;0;0;0;0) if pu<DO.
(2) pOOODDOO

L(2,u+2n(L);O; 2uf2n(L);0; 0;0) if 0 <n(L) <2

L(0; 72“;"(”;0; 72“;"@); 0;0) if0<n(L) < —2u;

L), 22 0:0;0;0) i 0 < [2u] < n(L).
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Fig.8 0, 2-braid virtual link 0 0 O, P, O O, oriented virtual Hopf tangle H,.(1 < r < 6)
0,100000 (Fig9). Fig80 000, L(H,,...,Hy,Hs,...,Hs,...,Hs, ..., Hs) O O
0000 2-braid virtual link O L(mq;mae;ms;my;ms;meg) 000. 00, m, 0 H,OOO
ooag.

K1 Kz
FIGURE 8
== =0= =Q=
) —
H. He Hs
== == ==
H. Hs He

FIGURE 9



Proposition 2.3 0 Theorem 320 0000000000O0.
Theorem 3.3. 0 L = K, UK, L' = Ky U Ky O 2-component virtual link 000 . L
0 L'00, generalized Reidemeister move 0 CF-move 0 000000000 O0O0O0OO
000, virtual linking number vlk(Ky, K,) 0000000, vik(Ky, Ks) =vik(K,', Ky'),
Vlk(Kl,KQ) ooooon y Vlk(Kl,K2> :Vlk(Kll, Kgl) 0O n(L) = TI,(L/> ooo.
4. Proof of Theorem 3.1

Theorem 1.10000000000000O0 Theorem 3.100000. 00O Lemma 4.10
gooo.

Lemma 4.1. 0 link 0 0O O O self real crossing O , generalized Reidemeister move O CF-
move J 0 00O, virtual crossing0 00 000O0. OO, knot 00O OO real crossing O, gen-
eralized Reidemeister move 0 CF-move 0 O 0O O, virtual crossing0 00 00O .

Proof. [0 sy, s9,s3-move [ Fig.100 0 0 0 move 0 OO .

FIGURE 10

S1, 82, s3-move 0 0 0 0O O, generalized Reidemeister move 0 CF-move 0000, OO
OO0000000. 0000 moveO OO0, Fig.1100 LemmaOO0OO00O. Fig.11O0O,
generalized Reidemeister move, CF-move 0 0O 00O, GRM, CkFO OO .

FIGURE 11
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1000000000000,00000000000 realcrossingd000O00OO0O
O0000,20000000. selfreal crossing OO0 OO POOOOODO, Fig.11OOOO,
000o00ooooooood. DOOdd, real crossing0 0 000OOO, sqp,89, S3-move
OO000. D000 rreal crossing0 OO0 O OOOO. ODOOOO 4000, BI, BIIL, BIII,
C-move000OD0. 400000000, Al-move0000. D000 B|0O000O0O.O
O

Lemma 4.10 0O, virtual knot [0 self real crossing 0 0 O virtual crossing [0 [0 , generalized
Reidemeister move D O OO, trivial knot DO OO OO. DOOOODOOOOOOOO

5. Proof of Theorem 3.2

000, Lemma 4.1 00 L O self real crossing 0 O O virtual crossing 0000, 000
Olink0D L/’O000. 00, K0 K, OODO real crossing0 00 Fig.120000 BIIO OO
O00000. [40 Theorem 6 0000000, generalized Reidemeister move 0 00O,
L/'O00 Figl300O0O0O L/ooodoooooooo. P, ---, P, 00 virtual Hopf tangle
H(1<r<4)0100000.700 K;000 arc, ,00 K, 0O00OO arc00000
O0. Ty, 7,00 crossing 0 O O virtual crossing0 00000, Fig.130 0O, Lemma 5.1
O000000 bandODOOD0OOO0OO0O L”O0O 2-braid virtual link OO0 0000
ooogo.

SNBSS\ BN
K R X

K1

FIGURE 12



T: T.
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—
-
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[
L
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FIGURE 13

Lemma 5.1. 00 00 band O 0O O generalized Reidemeister move 0 CF-move O 0 O O
O000D0O0DO0O0O0O0. 0000, virtual Hopf tangleD OO0 OO0 ODO.

Proof. 10 0 Lemma 0 Fig.14-18000. (6)0 (1), (8)0 (3)0 0000000000
noooo. O

band 0O O OO0 OODOOO virtual Hopf tangle O real crossing0 000 00OO.
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Lemma 5.2. 0000 band 00 0 0O O generalized Reidemeister move 0 CF-move 0

O0,00000. 00, 2-braid virtual link 0 0 0O O, virtual Hopf tangle 0 0 0 0 0O O
ooooo.

54-, Ss-move J Fig. 190000 move D OO . sy-move 00 00O 0OO O real crossing [
000, ss-move 00000000 real crossing0 00000,
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vttt et

FIGURE 19

Fig.20 O O s4-, ss-move [0 , generalized Reidemeister move 0 CF-move 0 O 0O 0O, OO
ood.

L=~
- -
- —-:

-
: "
~ &4

&1' el At

,2==3
T

~
NN

[ Vel el defete ]

FIGURE 20

(MO00O00,Lemma4.100000000.0000,00000 real crossing 000
O0000. Fig210,000 bandD0O OO OO s4-, s5-move, generalized Reidemeister
move, CF-move 0000 O000O0O0O0OOO. (1)0 H,0 HsO0OOOOOOO,0000
00000 H,O0 /,00000000000000O. (2)0,H,0 K,bO00000000,
(3)0,H;0 H,O0OOODOOOO.

0 H,000000000,0000000. H,O0H;OOO. OOOO, Lemma 5.2
O0000.00000000D000000000DO00O000DO00O0DO0bOO0D0d00O



S

=
R

__}
A
-

|

/\\Il/ﬁ\l

|

LOLOME
Pt RenRes

N\ W\ D=
QLD

<>
C



16

Proposition 5.3.0 L = K;UK, [ 2-braid virtual link OO0 0. 0000, LO generalized
Reidemeister move 0 CF-move 0 0 00O L O mirror image L' 00000000000,

Proof. 0000, 0000 Fig22O00OOOOD. 200004000000, Lemma 4.1
Ooooooobo.oood, K0 K,O0O000O0O0 real crossing OO0 O0O0O00OO.O

<>
GRM

', /7 J S\
C
<> <> <>
! | | GR™ | | . GICQII:\/I . . GSI:\/I
L
FIGURE 22

0000, 2-component virtual link [0 2-braid virtual link O O 0O O, Lemma 5.2 00 00 0
O virtual Hopf tangle 000000 0. 000 Fig.230 00 0O, virtual Hopf tangle 00 O

oboooooo.

ol |,
(oI
g ||

" L~
<>
GRM
Ha
|_\
H-
::I(—) Ha
GRM ’_\
Hs
|_\..

FIGURE 23
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=
GRM
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L
> Lah
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Fig.230 0 O, virtual Hopf tangle H, O Hs, Ho O H,O0OOODOOOO. 00O, H,O
H, Hs0O H,, H,O Hs, H,0 H,0 00000000, 0000000000000, Hs,
H,O0OOODOO. O0OO0,0020000000000. 000, 000 2-braid virtual
linkOOO 400000 100000010.

(1) L(ma; 0;mg3; 0;ms;0)
(2) L(0;ma; 0;m45m5;0)
(3)

(4)

(1)DDDD H3|:| H5D H,0000000000,ms>ms000, 2-braid virtual link

O Lma: 0;mi: 0:0:01-(A) 00 0. 00 my < ms 000, L(ma: 0:0;0: ms: 0)-(B) 0 0 0.
(2)0 000, 2-braid virtual link O L(0; mg; 0;m4;0;0)-(C) 0 00O L(0; ma; 0; 0;ms; 0)-(D)
00 0. Proposition 5.30 0, (3)0 (2)0, (4)0 ()0000000000. 400000
0 0O, 2-braid virtual link diagram O O O O, generalized Reidemeister move 0 CF-move
000, Fig.24, 250000 crossing change 0 0000000, (C)O (D)0, (A)O (B)
00000000000, Fig24,2500, (A)O (B) O crossing change 0 00, H; OO
00000000, (C)0 (D)0 crossing change 0000 A, 00000000O0O. (A)
0 B)0, p="000 L(my;0;0;0;0;0)000000. (C)0 (D)0, p=-"200
O L(0;ms;0;0;0;0) 0 00000, generalized Reidemeister move 0 CF-move O virtual
linking number O 0O 0O 0O O O OO, 2-component virtual link OO O0O0O0O0OO0OOO.

(1) L(21;0;0;0;0;0) 00 0O if u > 0;

(2) L(0;—2p;0;0;0,0) 00 if u < 0.

000,x000000,LO (A),(B),(C),(D)I000O00O00O0D. 1O Definition
2200000 n(L)00000DO0OCDOOOO.

(A) p="33m (L) =my —my 00, my = —2“+;(L), ms = 2“_2"(”.

(B) p="5n(L)=mi +2m; 00, my = 2u,ms = "(L)T_z”

(C) p=="2"4 n(L) =my—my 00, my = —_2“+”(L) , My = —_2"5"(”.

(D) p=—="2,n(L) =my+2m; 00, my = =20, m "(L)T““

(A)O (C), (A) O (D), (B)O (C), (B)O0 (b)oOOd D 00, virtual linking number 00 O
OO0oooooooo. (A)o (B)O virtualhnkmgnumberDDDDD,n(L)DDDD,

n(L)0 0000, virtual linking number 000 0000000 generalized Reidemeister
move ] CF-move0 000000000, (C)0 (D)000O00OOOOOO. 0000 (A),
(B), (C), (D)0ODOOO,000000. Fig2300, Hs0 H,0 H,OOOOOO. OO
0000000000, p000004, virtual linking number0 n(L) 0000, 0000
oo rLgooooog.o

L2 o, 2 0. 0:0) i 0 < (L) < 24

L(0; 2 o, 220D -0y if 0 < (L) < —2p;

L2, 22etnll)0:0:0,0)  if 0 < |2u] < n(L).

000, Theorem 3.20000. OO0O0O0O0OOO0ODOO0ODDOO0ODOODODDODODOODO
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Surface knot invariants with symmetric quandles

and triple linking numbers

oooooboobooooobobooooobooog M2o

1 OO0

1.1 Symmetric 0000
Definition 1.1.1. X 00000 = X 00OO0O0OOOO0OOOOOO (a,b)—aexb00000

(Ql) Vae X, a*xa=a.
(Q2) Va,be X,3lce X st. cxb=a.
(Q3) Va,b,ce X, (axb)*xc=(axc)*(bx*c).

(Q2)0 cO axb~t0DODOO
Definition 1.1.2. X : 0000
00 p: X — X O good involution :&
(1) pop=1id (p O involution)
(2) p(axb) =p(a)*b (Va,be X)
(3) axpb)=axb"t (Ya,be X)

(X,p) -+ - symmetric 0000

1.2 Trivial O00000OO00 symmetric OO0 0

X0O0O00OOO0U0oO0O0OX0o000O0OO axb=a(e,beX)00000 X0OOOODOOOO
0000 XO trivil DODDODODOOOO0 XO0nO0OOOOOOOOODODDOODD 7,0000

Lemma 1.2.1. X : O00O0O0O
X O trivial 0000 < X OOOO involution 00 good involution

2 Symmetric 00000000000

2.1 Symmetric 00000000000

X:0000
B z@z) (21

C, = (1, ,xn)EX™
0 (n<1)

nd0O000000,:C,—C,, 0000000
n

On[(x1,- - 2] ZZ(—l)i{(ﬂh,'-- By )

=2

- (:L'l *Ljyrr y Ti—1 *xiwfi7$i+17“' ;mn)}



DS,D?LDDDDDDDDDDDDDDDDDDDDDDD C,000zOoO0ODOO

{ (1, ,x,) € X™ ‘ Fed{l,2,--- ,n}st.x; =xi41 }

(.’171 *Tjy 3 Ti—1 *xiap(xi)axi+1a”' ,.Tn) 1E {1a 7n}

{(xh... )+

xl,---,xneX}

* {DQ,0,}0{DL.d,} 0 {C,,0,} 000000
{C*(X) = Cp /(DG + Df),0,} = HIP(X)

22 Trivial OOODOOOOO symmetric0OO0O00000O0O0O

(T,p): 00 nO trivial 00000000 symmetric 0000 s.t.
T = {ar, -+ ap, by, by, by, b}
pla;) = ai, p(b;) =b; (Vie{l,---,p},Vj€{l,-- ,q}).

A3 _ { (131,x2,x3) € Ty?

x1,%2, 23 € {b1, -+ , by}
Ty # T2, To F T3

Y1,Y2,Y3 € {alv"‘apabl,"' abq}
By = (ylay27y3)eTS 37’6{17273} sty oooo

Y1 # Y2, Y2 £ Y3

Lemma 2.2.1. H??7P(T’fb) = @Z<(Jf1,x27$3)> S2) @22«9172/2793»
oo (1‘175(}2,1’3) 0 (yl,yg,yg)DDD oo A3 a B3 oooooo

3 Uoubooogood

F=FRU---UF,: 00000 s.t. F; : orientable = F; : oriented
D=DyU---UD, : FO diagram

3.1 Symmetric 00000000000 0OO0O0OOO

(Th,p): 00 nO trivial 00000000 symmetric 0000
D O coloring - - - DO semi-sheet 000000000 7, 00000000000

p(z)

v

Coloring 0 OO0 OO



Coloring 0 00O

xV I~

Lemma 3.1.1. D : coloring COO0OO00O0O0 F O diagram

(i) F; : oriented. D; 0O semi-sheet 000000 F,O0O000O0O0OOOD0O0OO0DOOOOD; 00
semi-sheet 0 T; 000000 2; 000000O00OOO

(ii) F; : un-oriented. D; 00 00O semi-sheet 0 7, 00000000 ;0000000000

diagram D O coloring C 0000 = F O coloring C = (z1,---,z,) 0000

Triple point O O weight

A

L Y
: ‘
z > z '
L Yy
+(I’7y72) *(I’,]J,Z)
D¢ = Z 70 weight € C*(T,,)

rtriple point
0:Cy ,(Tn; A) O 3-cocycle

Lemma 3.1.2. [D¢] € H;?”)(Tn)7 0(De) e AO coloring C 0OOOO0O FOOODO



3.2 Triple linking number

Fy, - N Fy, -
I Fy F;
‘ F; : I
(1 Y
type(i, j, k)T type(i, j, k)~

tijr := #{type (4,7,k) O triple point} (mod 2) (S.Satoh)
Tk := t{type (i,4, k)" O triple point} — #{type (¢,7,k)~ O triple point} (J.S.Carter et.al)
Lemma 3.2.1. i £, j £k = tyr, T;» 00000000000000

4 Good involution 00000 OO0OOOOONO
F=FU---UF,: 00000 s.t. F; : orientable = F; : oriented

p: F O un-oritented D000, g=pu—p: FO oriented D OO0

Theorem 4.0.2. (i) (Tp124,p) : p 00000000 symmetric 0000

3 coloring C = (z1,--- ,x,) s.t.

Dec = 5 Tiji(Tr, ), ;)

(i, k) € {1, ,u}?

s.t. F;,F;,Fy: oriented

i#G,iFk

+ E tijk (T, Tj, ;)
(6,4, k) € {1, , u}® s.t.
F;,F;,F, 00000 un-oriented
i# G, i #k

00000 (wka;,2:) 0 HY?(T)40,) 0000000000

(ii) (T, p) : symmetric 0000

000 coloring C = (xq,--- ,2x,) 000, [Dg] O triple linking number 00000000000
ggod

Theorem 4.0.3. i,j,k € {1,--- ,u} (i #j,j#k)
(i) (Tps2q,p) : p 00000000 symmetric 0000
3C : coloring of F, 3 01, : C¥*(Tyyaq) — 7 : 3-cocycle s.t.

0:j1(Dc) = Tiji (Fy, Fj, F @ ori.)

(ii) (Tp+4q,1d) : symmetric D000
3 C : coloring of F', 3 7y, : C?’id(Tpﬂ) — Zs 1 3-cocycle s.t.

Tijk(Dc) = tijk



Research of Hurwitz action of braid group and its

application

INCPNE YN E Ui S E SN RE )

20082 H 14 H

1 LA KFRTFLEHurwitz/EH
miR7 LA REEL L, RTERINDHFEOZLTHD ;

<m,~-.am_1 ‘ w0y, = aja; (=4 = 1) >

0,0 = 005 (‘Z—j| >1)

ZIT, o IR T E LT, H1OX5kmikT LA RERT.

1 0 1+ 1 m

X 1

ESnOmR7T VA RVATAEE, BB, " OtOZ xS, LIAT,
nik7 VA Rt B, 13 B, ~DOHKRTHh ORI EEREZRES. ZOEH%
Hurwitz /ER & FES. BARAYIZIX, ZOFMERHIZR TERIND

& 1.1. 54
¢: B, x B, — B,"

%f, O'Z'EBn, (61,ﬂn>€an GUQLLT,

OB, -+ Bno0i) = (Brs -+ Bn) - 03



(51, T :ﬁi—l:ﬁi:ﬁi—i—lyﬂi-ﬁ-% e 'ﬁn) * 0y
= (B1, > Bit: Bis1:Biv1” BilBis1, Bivas -+ 5 5n)

TEFTDHE, ZUTEERICS. Zvad Huwitz /EF & W ).

Hurwitz fEAIZ, 220591 n-T LA Ko, DarclZT7~ AT &EITH Z &
T, fRENREHNTE S, ZOEWRT Hurwitz TEHIZRMA A2 DO TH 5.

61 6@ 6@'4—1 6m

B Biv1 Bit1 'BiBit1 Bom

X 2

EE1.2. ESnOmKRT VA RVAT A (B, - Bn) & (B, ---,8) BATA R
FfECH DL, o) Huwitz (EHOR—#LE Lich b & & E2 0.

trace 548 : B, — B, (1, Bn) — Bi-- B
TATA REMEARERICRS. T720b5, (B, ,0.) & (B, -+, ) Aslide equiv-
alent 72 513,
trace(By,- -+, Bn) = trace(B,- -+, 3,)

ThHS.

HE13. ES20mRT LA RV RT L (B, Bo) ITOWT, (B, Ba) o IFKT
G-z b5,

((B182) %281 (B1B2) /2, (B1B2) /2 Ba(B132)F/?) (k MEE)
((8182) = F=172 35 (81 Bo) *=1/2, (8, B5) ~(RTD/2 3, (8 8, ) FH1)/2) (k 3E7%%)



2 Hurwitz{EFDEER
(Bi, - Ba) € B ITH LT,

H(ﬁh"' 76”) = {bEBnKBl?ﬂn).b: (617"' 7ﬁn)}
ET%.

s TV RV AT LADEIN2 DL,

EE 2.1. k Z EOBEKETD. H(BB) =< 0F > L7257 513,
(B132) "2 B1(B132)** = .
kxzEOREETD. H(BiB) =< o > 725751,
(B132)~* 02 By (81 3y) E D2 = 3.
. By & By DRI LD AT IEOREE L NFE LRV E XX, H(B, () =
{id} THDHZ LIz B,

Question.

H(B1,B:) =k L7256k e NU{0FIZ (B1,5) DEV HIZL-TEDLS HND
BHDIN?

s T LA RV AT LDORIN3DEE.
ZITEL 2, 3I3ENEN By OEEHENAERTTZ R L, 01,00 IZTNEI By DFF
WER TR T2 L &3 5. H(1,2,3) % By ® Hurwitz fEA @ (1,2,3) € B, I
BIOEERFE TS, AID,

H1,2,3)={ beBy | (1,2,3):b=(1,2,3) }
L¥5,

EHE 2.2. (1) H(1,2,3)1%03,03, 010507, 09020, D4TTHEEEIND.
(2)  #(H(1,2,3)\Bs) =16 T, RETIFIKRTHEZLND

2 2 2 2
01, 031, 0102, 0105, 010201, 010207, 01020102, 01020105,
2 2
0102010201, 01020102071, 010201020102, 010201020103,
2
01020102010201, 01020102010207,

2
010201092010920102, 0102010201020104

3



FITZOFEHIZS HITIETE 5.

T 2.3. (1, 52,05 € B (B # Bo, b1 # B3, Bo # B3) MIROBRAET 2 LT D &
T 5.

OrB2P1 = B2fPa;  PafsPe = B33, Pufs = 1Bs, Bifa # P2fr,  [afls # D3

DL E, H(BifofBs) DILEDEY J7, 3L H(615.05)\Bs DIFETIE, EH
22 TCHZ7TbDE—ET 5.

3 JLA FKiiEm~DiH

LItk DifamlE, 77T PL-category TIT9 Z &2 5.
Dy, Do* % 2 Rt pri: Di* x Do* — D (i = 1,2) ZAEHENFE LT 5.
F77, Qn T intD2HNO mEOEOES LT 5.

EE 3.1. KEm OF7 LA R ([ IZEELW) &1E, Dy? x Do IZRFTFHIC
HLOIAE T & ST AIREZR 2 IRICEHRIE S T, ROFFZwmT-THDZEN ).
(1) prals: S — Do NEMZIGHETH 5.

(2) 0SIE D2 xID2DHT, D (1RILED) m-7 LA ROARTH 5.

R yo DIRESNIZREm O 7 LA Rkl & 1%, REm 07 LA Rl
THY, prih(SNprly  (Yo)) = Qm BELY STOHEDE N

LT TIEREm o7 LA RIREIEIE, 1XUODICEE LT Q,, Db & TOHA 1
DIESNEE'REmOT LA R TH LD ET 5.
W m DT LA RIRIIE R, RO 2ODOEEBBENERZIND.

E& 3.2. ST EZRBmOT LA MR & 3%,

(1) S & S Hisomorphic THD &1L, ROFKMEM-T D> x D2 DO7 BT
YAV FE—{hutuep T SE S ICETOOPMMFET D EEE2 V).

(i) Fuel0, 1]k LT, pro=pryoh,.

(11) %K u e [0, 1] WZxk LT, hu|pr2*1(y0) = 1d.

(2) S & S Mequivalent T D &Ik, ROFKMET D> x D> 07 T
YAV FE—{hutuep T SES CETOONMFET D EEE2 V).

(i) % uel0,11x LT, hyopry=pryoh, iz T RMHGE h, : D> — Do?
PIAET 5.



() % u€0, IS LT, hylpy-igy) = id:

FEND, ()= (2) P25,

WOMBILT TIZH BN TV AR EZMAGDETHLNDI LD THD.

SHEWRBEm DT LA KR E L, Xg % S & equivalent T 240k SO E
DT DHEIREKEm DT LA NRmEEOESEETH. £, S~ 5 &&E
W72 n, S & S )Y isomophic Th D &7 5.

i 3.3. SERBmOT LA MR & L, (61, ,0,) & S D&% Hurwitz arc
systemA [ZFET AT LA R AT ALETDH. 20L&, fHE

© - XS/ = - H(ﬁla T >ﬂn)\Bn’ 90([5/]) = [75’]
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Homomorphisms of the knot quandle

coming from the first homology group of the infinite cyclic covering space

1. Notations

K C S™2: an n-dim., smooth, connected, closed,
oriented manifold-knot (n > 1),
G(K) : the knot group of K,

A :=Z[t,t7'] : the Laurent polynomial ring.

2. Definitions and Examples

Definition 1.1 (quandle)
Q : a set,
x: Q) X () — () a binary operation,
Q.+ :

def
<~

a quandle

Satisfying the following properties :
(Ql) "z €Q, zxx=u1.

(Q2) "y € Q, *y:Q — Q (x> xxy) is bijective.

(Q3) Yz,y,2 € Q, (zxy)*z=(vx*2)*(yx*z).

Example 1.2 (conjugate quandle)

G : a group,

vxy =y vy (r,y€q)

Conj G := (G, *) : the conjugate quandle on G.

Remark
X C G : closed under conjugations,

Conj X := (X, ) : the conjugate quandle on X.

Definition 1.3 (homomorphism)
(@, *), (@', ¥) : quandles,

¢:Q — @ ahomomorphism
def
-

Pz xy) = o(x) ¥ oly) (“z,y € Q).

Definition 1.4 (reduced knot quandle)
G(K)mer C G(K) : the set of all meridians,
RQK) = Conj G(K )

: the reduced knot quandle of K.

2008/02/14 Ayumu Inoue (Tokyo Institute of Technology)

Definition 1.5 (racket)

i : aracket of K
def

& o
\ ez €S2\ K : afixed point.
path / e D : an embedding image of D?.
D e KN D = { one point }, transversally.
e 0D : a meridian of K.
% e The path connects = and 9D in S"+2\ K.
K

Definition 1.6 (knot quandle)
Q(K) :={ p: aracket of K } / homotopy,
i * 7 = [ ] Clul, ) € QUK.
Q(K) : the knot quandle of K.

Definition 2.1 (Alexander quandle)
A =A®Z, (¢ €N),
JC A,
A,/J : a quotient A-module,
zxy:=tr+(1—t)y (“x,yeA,/J).
(Ay/J, %) :

an ideal,

an Alexander quandle.



3. Motivations

Why do we consider the reduced knot quandle?
G : a group,
X; C G : each conjugacy class (1 <i<s),

Homomorphisms from G(K) to G can be decomposed

into homomorphisms from RQ(K) to each Conj X; :

group homomorphisms

— G(K) —G @ a group —
[
decomposed into Conj X{
L
RQK) | = |
quandle homomorphisms Conj X s

m : conjugacy class

Why do we consider the knot quandle?

(@Q, ) :
Dy : a diagram of K,

¢ Q(K) — @ a homomorphism
1:1 .
& c¢: Dg — @ a coloring.

a quandle,

7

{ colorings } + “a cocycle of (Q, *)

~ “the cocycle invariant of K”.

Relationship
7 : { rackets } — { loops }

K

~ 7 Q(K) — RQ(K) the quotient homomorphism.

(@Q. %) (= Conj X))

filtration of
group representations

infomations of
the knot group

G(K) X/

4. Main result

Coo(K) : the infinite cyclic covering space of S"™2\ K,
Homy (Hy(Coe(K)), Ag/J)
={ Hi(Cx(K)) — A,/J a A-homomorphism },
Aﬁ? (t) : the i-th Alexander polynomial of K (i > 0),
il (1) = AR (1) AL ().
Theorem 2.2
¢ : a natural number,
{Q(K) — (A,/J, *x) ahomomorphism }
{RQ(K) — (A,/J, *) a homomorphism }
= A,/JeHomy (Hi(Cx(K)), Ay/J) as A-modules.
Corollary 2.3

¢ : a prime number,

I

{Q(K) — (A,/J, *x) ahomomorphism }
{RQ(K) — (A,/J, *) a homomorphism }
AT @] ;’io(Aq/(eS;? (t), J))] as A-modules.

I
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Genus-two Heegaard splittings of non-simple
3-manifolds and
3-bridge presentations of 3-bridge links

Yeonhee JANG
Osaka University M2

1 Heegaard splittings

M : closed orientable 3-manifold

(V1,Va; F) = genus g Heegaard splitting of M

g 0 V1, Vo @ genus g handlebody

OViuVo =M
OVinVe =0V, =90Vo = F

Example 1.1 Vg € Z>q, S® admits a genus g Heegaard splitting.

Fact 1.1 (1) If M admits a genus g Heegaard splitting for g € Z>q, then M admits
a genus (g + 1) Heegaard splitting.

(2) Every closed orientable connected PL 3-manifold admits a Heegaard splitting
of genus g for some g € Z>p.

For a given M : closed ori. conn. PL 3-manifold, the genus of M, denoted by
g(M), is defined by

g(M) :=min{g € Z>o | M admits a genus g Heegaard splitting}.

Fact 1.2 (1) g(M) =0 +— M = §3.
(2) g(M)=1 < M = L(p,q) for some p,q € Z.

Moreover, they admit the unique minimal genus Heegaard splitting upt to isotopy.

Question (1) Which manifolds have genus 2%
(2) How many Heegaard splittings of genus 2 do they admit up to isotopy / up to
homeomorphism?

2 Isotopy classification of Heegaard splittings

M : compact ori. 3-mfd.

M : Seifert fibered space

L, (1) M : disjoint union of simple closed curves, called fibers,

(2) Ve C M : simple closed curve,
3V : regular nbd. of ¢ s.t. V : disjoint union of simple closed curves.



Moreover, V =V, , for some p,q € Z. Here,
Vpq = D? x I/(2,0) ~ (f(2),1),

where f : D? — D? is defined by re? — rei(9+2%q),

Y l
N
~—

A fiber h is called a regular fiber if AN : nbd. of h s.t. N = V;, and a fiber h is
called an ezceptional fiber if 3N : nbd. of hs.t. N =V, , (p > 1),

Example 2.1 E,, := S3\]\7(Tp7q) = D(—r/p,s/q),where ps — qr = 1.

[

Proposition 2.1 The fundamental group of E, 4, has a group presentation
gt (Ep,q) = <Clv C2, h ’ Clljh_rv cghsa [Cb h]> [027 h]>

Theorem 2.2 (Morimoto, '89)

My, My : Seifert fibered spaces over a disk with 2 exceptional fibers

f:0Ms — OM;y : homeomorphism

If M := M Uy My has genus two, then it admits at most 4 Heegaard splittings up
to 1sotopy.



In the following table, p is an "upper bound”, given by Morimoto, of isotopy
classes of Heegaard splittings of M = Mj; Uy My for each case. For details of cases

and classes of Heegaard surfaces, F(1),...,F(3-2), see Appendix A.

Cases F(1)

F(2-1)

F(2-2)

F(3-1)

F(3-2)

Case(1-a-
Case(1-a-2

Case(2-a-1

Case(2-b-1
Case(2-b-2

1

1
Case(2-a-2
1

Case(3-a-
Case(3-a-2

1
2
1
2
1
2
1
2
Case(3-b-1 1

Case(3-c-2

Case(4-a-1
Case(4-a-2
Case(4-b-1
Case(4-b-2
Case(4-c-1
Case(4-c-2
Case(4-d-1
Case(4-d-2)

)
(1-a-2)
(2-a-1)
(2-a-2)
(2-b-1)
(2-b-2)
(3-a-1)
(3-a-2)
(3-b-1)

Case(3-b-2)

Case(3-c-1)
(3-¢-2)
(4-a-1)
(4-a-2)
(4-b-1)
(4-b-2)
(4-c-1)
(4-c-2)
(4-d-1)
(

N = NN R NN

N = W NN W N R WY R RN WNINND R W NN R

N = W N W NN W NN = = N W NN = W NN =

Table 1 : classification of Heegaard splittings

Theorem 2.3 Any two Heegaard splittings in Table 1 are not isotopic.

To prove this theorem, we need the following lemma.

Lemma 2.4 (Boileau-Collins-Zieschang, '91)

M : closed conn. ori. 3-mfd.

(V1, Vo, F), (W1, Wa; G) : genus-two Heegaard splittings of M
{v}, 02}, {w}, w2} : generating systems for m (M)

determined by generating systems for w1 (V;), m(W;)
If V1, Va; F) and (W1, Wa; G) are isotopic,

177

then v}, vf] ~ [w], wi]*" and [vg,v3] ~ |

1

wy, wg]ﬂ.



Figure 1:

3 Homeomorphism classification of Heegaard splittings

We can also obtain the homeomorphism classification of Heegaard splittings of M
by considering the action of the mapping class group of M on Heegaard surfaces.

Dif f(M) : the group of diffeomorphisms of a connected 3-manifold M
Diffo(M) : the subgroup of Dif f(M) consisting of diffeomorphisms
which are ambient isotopic to the identity map

MCG(M) = Dif f(M)/Diffo(M) : the mapping class group of M
Lemma 3.1 Let M = D(B1 /a1, B2/ az), where 0 < fB; < oy fori=1,2. Then
(1) MCG(M) = MCGH (M) if Ba/az # (a1 — Br)/cu,
(2) MCG(M) = (MCGT(M),§") if B2/as = (a1 — f1)/cu,

where " is orientation-reversing and preserves the saturated annulus (see Figure
1). Here, MCG™ (M) is the subgroup of MCG(M) consisting of all orientation-
preserving homeomorphisms, and we have

(i) MCGT(M) = (¢ | * = 1) = Zy when fB1/ay # P2/ az,
(i) MCGT(M) = (¢ | ¢¥* = 1,4 = 1) = Zy ® Zy when Bi/ar = B2/ az,

where v and v’ are as in Figure 1.
From this lemma, we obtain the following theorem.

Theorem 3.2 (1) If My = Ms, then the number of homeomorphism classes of
Heegaard splittings of M is given by p in Table 1.

(2) If My & My, then the number of homeomorphism classes of Heegaard splittings
of M is given by v in Table 1.



4 3-bridge presentations of 3-bridge links

A link L in S? admits an n-bridge presentation

£ 382 embedded in S3 s.t.
0 S? meets L transversally in 2n points
0 52 divides S3 in two balls B;, (i = 1,2),
such that L N B; = (n arcs trivially embedded in B;)

M™ N : compact manifolds
A""2 c M, B"2 C N : proper submanifolds
A continuous function f : M —— N is a branched covering with branch sets A

(upstairs) and B (downstairs)
def

(1) components of preimages of open sets of N are a base for the topology of Mj,

(2) f(A) =B, f(M —A) =N — B, and N — B is exactly the set of points in N
which are evenly covered, i.e. have neighbourhoods U such that f sends each
component of f~1(U) homeomorphically onto U.

We call M a branched covering of N branched over B.

Fact 4.1 A closed orientable connected 3-manifolds M admits a Heegaard splitting
of genus two if and only if M is a 2-fold branched covering of S® branched over a
link with a 3-bridge presentation.

ot v,
1 0 by T ‘ ’

Corollary 4.2 The following 3-bridge presentations of a knot K are corresponding
to Heegaard splittings in Case (4-a-2) of Table 1, and hence they are mutually non-
1sotopic.

@ &

@ ©) 4

o
denotes : r
a <




To obtain the above 3-bridge presentations from the Heegaard splittings, we use
the Montesinos trick. For example,

h : regular fiber

Fix¢ duotient

by ©

5 Generalization to other non-simple 3-manifolds

The methods used to prove the above theorems and corollary enables us to classify
Heegaard splittings of some non-simple 3-manifolds and to obtain 3-bridge links with
infinitely many 3-bridge presentations.

We give two examples here.

Theorem 5.1 Put My = D2(31 /a1, fa/as) and My = S\ N(S(a, 3)), where S(c, )
is a hyperbolic 2-bridge knot. Let M = My Uy Mo, where the regular fiber of My is
identified with the meridian loop of Ms by f. Then

(1) any Heegaard surface of M is isotopic to the surface obtained from one of the
following surfaces, Fy, ..., Fio by applying Dehn twists D; along the attaching torus
in the direction of a longitude | of the 2-bridge knot.

Fy is the union of A in My and S-, ,, in Mo,

Fy is the union of A in My and Sn’pé i Mo,

A A A
Al Al

Figure 2: A, A} (i =1,2,3,4) in base orbifold



union
uUNLON
union
uNLON
union
uNLON
union

is the
is the
is the
is the
is the
is the

Fy is the

of A in My
of A in My
of A in My
of A in My
of A in My
of A in My

of Ay in M and the two-bridge sphere of Ma,

and Sr, p,
and S,

2,0]
and SP27T1
and S,

P2sT1
and Sy,

and Spfl

sT2

m MQ,
m MQ,
m Mg,
m MQ,
m Mz,
m Mg,

Fio is the union of AL in My and the two-bridge sphere of Mo,
Fy1 is the union of A% in My and the two-bridge sphere of Mo,
Fia is the union of A} in M and the two-bridge sphere of Ma,
where Sy« is the twice-punctured torus in My associated with (1,7*) and A, A
(1 € {1,2,3,4}) is in as Figure 2.
(2) The following tables give the complete classification of the Heegaard surfaces
in (1) up to isotopy and up to homeomorphism.

Fy | Fy | Fs | Fy | F5 | Fg | F7 | Fs | Fy | Fio | F1 | Fi2
a=5 O O O O OO0 |00
f=+£2 (mod a) O OO0 O Ol0j]O0O]0O0 |00
a>7|f=+2"" (mode) |O | O] O |O|O| O |O]O|0O]|O
otherwise Ol0l0]|O0]O0O]|O]O]O]O10O0]0]| 0O
Table 2: isotopy classification
Eh=2FREF | F5E2F=F=F | Fy | Fio| Fi1 | Fi2
a=3 1 1 1 1
> 1 1 1 1 1
Table 3-1: homeomorphism classification when 3% = +1 (mod «)
FEF | Fs=F | F32F, | Fr=Fg | Fo | Fio | Fu1 | Fi2
=42 (mod «) 1 1 1 1 1 1 1
B=+2"1 (mod «) 1 1 1 11 1|1
otherwise 1 1 1 1 1 1 1 1

Table 3-2: homeomorphism classification when 3% £+ 1 (mod «)

Theorem 5.2 There exist infinitely many 3-bridge links each of which admits in-
finitely many 3-bridge presentations.

For example,




H}
n | denotes : n
~

A Details for Table 1

Let M be a compact, connected, orientable Seifert fibered space with r exceptional
fibers and let B be the base orbifold of M with genus g and p boundary compo-
nents. Let p : M — B be the projection map. The symbol s; (i = 1,2,...,7)
denotes an exceptional fiber of type (\;, ;) and V; denotes a fibered neighbour-
hood of s;. If OM # 0, then set M' = CI(M — (V1 U Vo U---UV,)). If M is closed,
M’ = Cl(M —(V1UVaU---UV;)UN(sp)), where s is a regular fiber. Set B’ = p(M’),
then M’ is homeomorphic to B’ x S'. We fix the homeomorphism.

Assume OB # (). We denote by T; the component of M’ which is identified
with 9V;. Since p’ : M’ — B’ is an S'-bundle over B’, it has a cross section
c: B — M. Let ¢, =c¢(B)NT; (i =1,2,...,r) then ¢; is an essential simple
closed curve on T;. And let h; C T; be a fiber of M’ then h; is also an essential
simple closed curve on T; and meet ¢; at one point.

If M; = KI (an orientable twisted I-bundle over a Klein bottle), then by wu; we
denote a fiber in OM; as a circle bundle over a Mobius band (i = 1,2). Then u;
is the boundary loop of a cross section of M; (i = 1,2). If M; = Es,, then by m;
we denote a meridian loop in dFEs,, (i = 1,2). Note that m; is the boundary loop
of a cross section of M/ = CI(M — (Vi U---UV;)) (i = 1,2), where V; is a fibered
neighbourhood of each exceptional fiber.

Then the cases and classes of Heegaard surfaces for Table 1 are given as follows:

Cases
Case (1) M1 75 E2,a and M2 7& ngg.

Case (1-a): [ f(ho) ] = [ “c [ i ] with ad —ec = £1 and € = £1.
f(e2) c d c1
Case (1-a-1): My = D(x1/p,£1/q) w.r.t. hy and ¢; and a = 0, or My = D(£1/p,+1/q)
w.r.t. ho and ¢9 and d = 0.
Case (1-a-2): M does not belong to Case (1-a-1).
Case (2): My = Ey, and My # K1 nor Ej g.

f(hz)]:[()é‘ [hl
f(Cz) 5 d miq

Case (2-a-1): a =3, or My = D(£1/p,+1/q) w.r.t. hy and ¢ and d = 0.
Case (2-a-2): M does not belong to Case (2-a-1).

Case (2-a): [ with ed = +1.




Case (2-b): [
c d mi

a # 0.

Case (2-b-1): @ =3 and ea = —1, or My = D(£1/p,+1/q) w.r.t. hy and ¢y and
d=0.

Case (2-b-2): M does not belong to Case (2-b-1).

Case (2'): My # KI nor E3, and My = Ey 3. This case can be substituted for
Case (2).

Case (3): M1 Ega and Mg KI.

f(hs) ]

a & hl .
= with ad — ec = £1 and ¢ = +1 and
f(ca)

0 h
Case (3-a): flhz) = y " | with &8 = £1.
( ) L 6 d 1L mi i
Case (3-a-1 ) =3ord==+1or0.
Case (3—&—2) a >3 and |d| > 1.
b h
Case (3-b): f(ha) | ° " | with e6 = £1.
f(UQ) ] L 0 5 11 mi ]

Case (3-b-1): b= +1.
Case (3-b-2): b # %1.

Case (3-¢): [ f(hz) ] = [ “c ] [ i with ad—ec = £1, ¢ = +1 and ac # 0.
f(u2) c d my

Case (3-c-1): « =3 and ea = —1, or d = +1 or 0.
Case (3-c-2): M does not belong to Case (3-c-1).
Case (3'): My = KI and M, = E, 3. This case can be substituted for Case (3).
Case (4): M =Frq and Mg Es 3.
Case (4-a): f(ha) _ |V [ h ] with €d = +1.
| f(m2) | |0 O my
Case (4-a-1): a =3 or = 3.
Case (4-a-2): « >3 and 3> 3

Case (4-b): =
| f(m2) | 00
Case (4-b-1): @ =3 and ea = —1.
Case (4-b-2): a > 3 or ea # —1.
f(h2) ] _ [ 0 ¢
f(mg) (5 d
Case (4-c-1): f =3 and ed = —
Case (4-c-2): > 3 or ed # —1.

Case (4-d): [ f(ha) ] = [a © ] [ i ] with ad —ec = +1, ¢ = £1 and

- h B r h
f(h2) a 5][ 1]withg(5_ilanda7é0.
mi

hy :
Case (4-c): [ ] [ ] with ed = 1 and d # 0.

f(mQ) 0 d ma
ad #0
Case (4-d-1): a=3andea=—1or f =3 and ed = —
Case (4-d-2): M does not belong to Case (4-d-1).
In other cases, M admits no Heegaard splittings of genus two.



Classes of Heegaard surfaces

F(1-1):= {F : Heegaare surface of M |
F N M : 6-times punctured torus giving 1-bridge presentation of M;

w.r.t. f(hs),
F N M, : essential annulus saturated in the Seifert fibration of Ms}

F(1-2):= {F : Heegaare surface of M |
F N M : essential annulus saturated in the Seifert fibration of M7,
F N M; : 6-times punctured torus giving 1-bridge presentation of My

w.r.t. f(hg)}
F(1) is the union of F(1-1) and F(1-2).
F(2-1):= {F : Heegaare surface of M |

F N My : 2-bridge sphere of My,
F N M, : two disjoint essential annuli in My}

F(2-2):= {F : Heegaare surface of M |
F N M : two disjoint essential annuli in My,
F N My : 2-bridge sphere of My}

F(3-1):= {F : Heegaare surface of M |
F N M : 2-bridge sphere of My,
F N M, : two disjoint essential annuli saturated in the fibration of My
as a circle bundle over a Mébius band }

F(3-2):= {F : Heegaare surface of M |
F N M : two disjoint essential annuli saturated in the fibration of M;

as a circle bundle over a Mobius band |,
F N My : 2-bridge sphere of M}
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RATIONAL TANGLE SURGERY AND DEHN SURGERY ON KNOTS
IN LENS SPACES

KAI ISHIHARA AND KOYA SHIMOKAWA

ABSTRACT. In this paper we will characterize rational tangle surgeries on 2-bridge knot
b(2m, 2n) yielding a (2, 2k)-torus link. As an application, we will characterize particular
lens space surgeries on knots in lens spaces with good symmetry.

1. INTRODUCTION

In this paper we will characterize rational tangle surgery on a 2-bridge knot b(2m, 2n)
yielding a (2, 2k)-torus link. This class contains rational tangle surgeries from twist knots
to (2,2k)-torus links. Rational tangle surgeries play an important role in the study of
topological characterization of site-specific recombinations of DNA [ES] [Su]. Our theorem
has a application for study of Xer recombinations.

Let T, Ty, and T be 2-string tangles. The knot (or link) obtained by connecting two
endpoints on the top each other and two endpoint on the bottom each other by simple
curves, as is shown in Figure 1, is called the numerator and is denoted by N(T') From
two tangles T} and 75, a tangle can be obtain by connecting two endpoints of T to two
endpoints of T3 as is shown in Figure 2, is called the sum of T7 and T5, and is denoted by
N(Ty 4+ T3). For definitions of the numerator and the sum of two tangles, see [Mul]. Let
1, .. .,¢, be a sequence of integers. The circle product of a tangle 7" and (cy,...,¢,) is
defined as is shown in Figure3, and is denoted by T o (¢1, ..., ¢,), see [D1]. Let P and R
be rational tangles. A operation which transform a knot (or link) by replacing P with R
is called a rational tangle surgery, see Figure 4.

FIGURE 2. T} + 15
Ficure 1. N(T)

We obtain the following theorem by Theorem 2.3 (see Section 2).

Theorem 1.1. Suppose N(U + 2) = N(422=1) and N(U + 1) = N(Z), where m,n #0

and k # +2. Then one of the following holds.
(1) k=m and U = e 1

—w(4dmn—1)+2m "
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n : even n : odd

FIGURE 3. To (c1,...,¢p)

ey

FIGURE 4. Rational tangle surgery

(2) k=n andU:%.
B) k=n+m+1and U = (57 + 347) © (1, —(w — 1),0).
(4) k=n+m—-1and U = (5 + 57) o (1, —(w — 1),0).

It is known that a recombination system Xer can act on a DNA catenane whose link
type is a (2,2k)-torus link (k > 3) and yield a DNA knot with 2k + 1 crossings [BSC]
[D2]. If we assume that the obtained knot is a twist knot with 2k + 1 crossings, we can
characterize the action of Xer recombination by using the tangle model.

Corollary 1.2. Suppose N(U + 9) = N(%t) and N(U + L) = N(%), where k > 3.

2 1
— 4k—1
Then U = — m=ryrar-

Next we characterize knots with good symmetry in a lens space L(4mn — 1,2m) which
have Dehn surgeries yielding another lens space L(2k,1). Orientation preserving involu-
tions with fixed points on lens space L(p, q) is characterized in [HR]. It is classified into
three types (A), (B) and (C) in [WZ]. In this paper we consider the following involution.
Let L(p,q) = V1 UV, be a genus one Heegaard splitting.

(A) Both V] and V5 are invariant under the involution, however the orientation of the
core of V; and V; is reversed. The orbit space is S3.

This involution is called type (A). Let K be a knot in a lens space. Then K is called a
strongly invertible knot of type (A)if K is invariant as a set under the involution of type
(A) and K meets the fixed point set in two points.
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A knot in a lens space is called a core knot if it is isotopic to a core of a solid torus of
a genus one Heegaard splitting and torus knot if it is not a core knot and isotopic to an
essential curve on a Heegaard splitting torus.

Theorem 1.3. Let K be a strongly invertible knot of type (A) in a lens space L(4mn —
1,2m). Suppose a Dehn surgery on K yields a lens space L(2k,1), where k # +2. Then
K is a core knot or a torus knot.

2. BANDING AND 2-BRIDGE KNOTS AND LINKS

Since we consider the case where P = (%) and R = (i), this tangle surgery can be
considered as a band surgery. In this section we will characterize band surgeries on a
2-bridge knot b(2m, 2n) yielding b(2k, 1), where m and n are non-zero integers and k is
an integer other than +2.

Let L be a link in S3. Let b: I x I — S® be a band satisfying b~'(L) = I x 91, where
I = 10,1} is an interval. Let L, denote a link obtained by replacing b(/ x dI) in L with
b(0I x I). We call Ly, a banding of L and say L, is obtained from L by a band surgery
along b. For simplicity we denote b(I x I) by b.

When m = 0 or n = 0, b(2m,2n) is a trivial knot, and a characterization of band
surgeries from the trivial knot to a (2,2k)-torus link is obtained in [HS]. Hence we may
assume that m,n # 0. By adding one more assumption that & # 42, we obtain the
following theorem.

Theorem 2.1. Let L be a 2-bridge knot b(2m,2n) in S* Suppose, for a band b, Ly is a
2-bridge link b(2k,1), where m,n # 0 and k # +2. Then a band b is isotopic to one of
the sixz bands by, ...bg in Figure 5.

Remark 2.2. Whenn =1, i.e. L is a twist knot, bs, bg and by are isotopic to each other.
Hence a band b is isotopic to one of 4 bands by, by, b3, by. When n = —1, similarly, a band
b 1s isotopic to one of 4 bands by, bs, b5, bg. In particular, when m = +1 the following
holds.

(1) When m = 1,n =1, i.e. L is a trefoil knot, by and by, bs and by are isotopic to
each other respectively. Hence any band b is isotopic to one of 2 bands by and bs.
When m = —1,n = —1, a band b is isotopic to one of 2 bands by and bs.

(2) When m = 1,n = —1, i.e. L is a figure eight knot, all bands by,bs,bs, and
bg are isotopic to each other. Hence a band b is isotopic to a band by. When
m=—1,n=1, any band b is isotopic to a band b;.

In Theorem 2.1, up to isotopy without fixing L, b3 and by, and b5 and bg are isotopic
to each other respectively. Then we obtain the following theorem.

Theorem 2.3. Let L be a 2-bridge knot b(2m,2n) in S* Suppose, for a band b, Ly is a
2-bridge link b(2k, 1), where m,n # 0 and k # +2. Then a pair of a knot L and a band b
(L,b) is isotopic to one of 4 in Figure 6.
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b ba
&2771) 2m
2n 2n
k=m k=mn
b3 by bs be
2m 2m 2m 2m

k=n+m+1 k=n+m+1 k=n+m-—1 k=n+m-—1

FiGUrE 5. Characterization up to isotopy with fixing L

k=m k=n k=n+m+1 k=n+m-1

FI1GURE 6. Characterization up to isotopy without fixing L

3. PROOF OF THEOREM 2.1

If L and L, have orientations which agree with each other except for the band b,
corresponding banding is called a coherent banding. For a coherent banding, the following
theorem is known.

Theorem 3.1. ([Mu2, Lemma 7.1]) |o(L) —o(Ly)| < 1

We consider the case where L is a 2-bridge knot b(2m, 2n) and L, is b(2k, 1). Since it is
a banding from a knot to a 2-component link, we can assume that it is a coherent banding
by giving proper orientations for L and L,. There are two ways to give an orientation for
L, as is shown in Figure 7. Since |o(L)| = 0 or 2, |o(Ly)| = 1, and |0(La)| = 2|k| — 1,
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when |k| > 2, L, is L;. When |k| < 1, since L, is a trivial link or a Hopf link, we can
assume that L is L.

) (S

Ly Ly

FIGURE 7. Orientation of L,

Theorem 3.2 ([HS]). Suppose that b is a band of a coherent banding from L to L,. Then
X(L) < x(Ly) — 1 if and only if L has a minimal genus Seifert surface containing b.

In our case x(L) = —1 and x(Lp) = 0 or 2. L is a genus one knot and genus one
Seifert surfaces of L are characterized in [HT], and there is only two Seifert surfaces of L
as is shown in Figure 8. F; and F5, in Figure 8 are genus one Seifert surfaces of L which
is obtained by plumbing of two annuli with m and n full twists. Moreover, by [K] it is
known that Fj is isotopic to Fy with fixing L if and only if m = +1 or n = 1. Let F be
a minimal Seifert surface of L which contains b. Then since Fj is isotopic to F5 without
fixing L, we may assume that F' = F}.

FIGURE 8. Minimal Seifert surface of L

We will give a parameterization of band attached to L which is contained in F'. If b is
contained in F', then C1(F —b) is an annulus in S®. Let ~, denote the core of the annulus.
Then ~, is a knot in F. Note that an isotopy class of a band b on F' is determined by a
unoriented knot v, on F'.

First we will give a parameterization of a particular class of oriented knots in F. Let
cyr and ¢y be oriented trivial knots in S® which is disjoint from F. See Figure 9. For
parameterization, we give an orientation of v,. Let p = lk(y, car) and ¢ = lk(y, cn).
Then +, is parameterized by +(p, q).

Now we consider (—m)-twist along cy;. Then after the twist F' lie on standard torus
in S® as is shown in 9. Hence 7, become a torus knot after the twist. Motegi [Mo]
characterized twists which yield a torus knot from a trivial knot.
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Cc Cc

(—1)-twist ~

FIGURE 9. (—1)-twist along ¢y,

Theorem 3.3. ([Mo, Theorem 3.8.]) If a knot K,, which is obtained from a trivial knot K
by n-twist along a trivial knot c is a torus knot, then except for trivial examples n = +1.

Trivial examples are shown in Figure 10.

7 > —.
n-twist

(1, g)-torus knot (1 4+ ng, q)-torus knot

F1GURE 10. Trivial examples

By using Theorem 3.3 for ¢ = ¢j; and K = +;, we obtain the following. If ~, is a trivial
knot, then one of the followings holds.
(1) Ipl, [gl < L.(p,q) = £(1,0) or £(0,1) or £(1,1) or £(1, —1).
(2) n=1and (p,q) = £(2,-1).
(3) n=—1 and (p,q) = £(2,1).
(4) m = £1.

Remark 3.4. When (1), for any m and n, v, is a trivial knot. When (2) or (3), for any
n, vy 1S a trivial knot.

By considering also the case that F' = F5, we obtain Theorem 2.1 for |m|,|n| > 1.
When |m| > 1 and |n| = 1, F, is isotopic to F} with fixing L. Hence by this isotopy, there
exist four solutions as Remark 2.2.

For the remaining case, |m| = |n| = 1, using braid presentations of 7,, we can decide if
vp is trivial or not. For that, we using following well known lemma.

Lemma 3.5. If a trivial knot has a positive n-braid presentation with m-crossing, then
m=mn—1.

Now it is enough to consider the case of p > ¢ > 0, by the symmetries of 7;’s. Then we
obtain a braid presentation of v, by an isotopy for F' as in Figure 11.

When m =n =1 and p > ¢ > 0, 7, has a braid presentation as in Figure 12. Then by
Lemma 3.5, 7, is a non-trivial knot.

When m = 1,n = —1 and p > ¢ > 0, similarly, v, has a braid presentation as in Figure
13, and ~y, is a non-trivial knot by Lemma 3.5.
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When m =n = —1 and p > ¢ > 0, by simplifying a braid presentation as in Figure 14,
we obtain that -, is a trivial knot for only (p,q) = (2,1).

When m = 1,n = —1 and p > ¢ > 0, we simplify a braid presentation as in Figure 15.
For p < 2q, i.e. in the middle of Figure 15, the mirror image of the braid presentation
follows the original of Figure 15. Hence we obtain that ~, is a trivial knot for only
(p,q) = (Fi11, F;), where i is a positive integer and F; is the i-th Fibonacci number.

2m

Ficure 11. Isotopy for F

p p

& Y
' 2 q \px

LR X ] ‘p..a

FIGURE 12. m=n=1 FIGURE 13. m=1,n=—1

By reconsidering the symmetries of ~,’s, we obtain the following for m = n = 1 and for
m=1n=—1.

e When m =n =1, i.e. L is the trefoil knot;
for only (p,q) = £(0,1),£(1,0), £(1,1), £(1,-1),£(2,—-1), and £(1,—2), 75 is a
trivial knot. Now L is a fibered knot and F' is a fibered surface. By regarding
(p, q) as an element of Hy(F'), using homomorphism of H;(F') induced by the mon-
odromy, £(1,0), +(0, 1), and (1, —1) move to each other, and £+(1,0), £(0, 1), £(1, —1)
move to each other. Then there exist two solutions as Remark 2.2.

e When m =1, n = —1, i.e. L is the figure eight knot;
for only (p,q) = £(F;, Fix1) and +(F;yq1, —F;), 7 is a trivial knot, where i is
a non-negative integer and F; is a ¢-th Fibonacci number. Now L is a fibered
knot and F' is a fibered surface. By regarding (p,q) as an element of H;(F),
using homomorphism of H;(F') induced by the monodromy, all of +(F;, Fj;;) and
+(F;41, —F;) move to each other. Then there exists only one solution as Remark
2.2.
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non-trivial knot non-trivial knot trivial knot

FIGURE 14. m=n=—-1,p>q>0

non-trivial knot trivial knot

FIGURE 15. m=—-1,n=1,p> ¢ >0
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4. DEHN SURGERY ON KNOTS IN LENS SPACES

In this section we prove Theorem 1.3. For the proof we prepare the followings

Theorem 4.1 (Culler-Gordon-Luecke-Shalen [CGLS]). Suppose that a lens space can be
obtained from a non-trivial surgery on a knot K in a lens space. If the distance of the
surgery slope and the meridian of K is not 1, then the exterior E(K) is a Seifert fibered
space.

Lemma 4.2. If K is a knot in L(4mn — 1,2m) whose exterior is a Seifert fibered space,
then K 1is a core knot or a torus knot.

Proof of Lemma 4.2. If E(K) is a Seifert fibered space, then a meridian of K is isotopic
to a fiber (case 2) or not (case 1).

Case 1 When a meridian is not isotopic to a fiber:

We can extend a Seifert fibered structure of E(K) into one for the lens space
L(4mn — 1,2m). Since a lens space does not contain any essential torus, E(K)
has a Seifert fibered structure over a disk with at most two exceptional fibers or
over a Mobius band with one exceptional fiber. Only lens spaces L(4N,2N — 1)
(N € Z) have Seifert fibered structures over RP? with at least one exceptional
fiber [J, p.92]. Since K is a knot in L(4mn —1,2m), E(K) does not have a Seifert
fibered structure over a Mobius band with one exceptional fiber.

(1-1) If E(K) has a Seifert fibered structure over a disk with at most one exceptional
fiber, E(K) is a solid torus. Then K is a core knot.

(1-2) If E(K) has a Seifert fibered structure over a disk with two exceptional fibers,
there exist a vertical annulus which separates F(K) into two solid tori. Then
K is a torus knot.

(1-3) If E(K) has a Seifert fibered structure over a Mébius band with no excep-
tional fiber, F(K) also has a Seifert fibered structure over a disk with two
exceptional fibers. Then K is a torus knot.

Case 2 When a meridian is isotopic to a fiber:

(2-1) If E(K) has a Seifert fibered structure over a disk with at most one exceptional
fiber, since F(K) is a solid torus, K is a core knot.

(2-2) If E(K) has a Seifert fibered structure which is different from (2-1), we obtain
an essential sphere in the lens space from a vertical annulus by attaching two
meridian disks. Only L(4N,2N — 1) is a lens space which has an essential
sphere. It contradicts that K is a knot in L(4mn — 1,2m).

O

Proof of Theorem 1.3. Let K be a strongly invertible knot of type (A) in L(4mn—1,2m).
Let v be the isotopy class of an essential loop on OE(K) and K () denote the 3-manifold
obtained by a Dehn surgery on K with slope 7.

Suppose K(7) is L(2k,1). Let pu be the meridian of K. If A(vy, ) > 2, by Theorem 4.1
E(K) is a Seifert fibered space. Here A(~, 1) denote the geometric intersection number
of v and p. Then by Lemma 4.2 K is a core knot or a torus knot.
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Suppose A(y, ) = 1. We consider the quotient space of the involution. The quotient
space of the 1-dimensional fixed point set in L(4mn — 1,2m) of the involution is the 2-
bridge knot NV (%) in the orbit space S®. The the quotient space of the torus OE(K)
is a 2-sphere in S3, and it gives a 2-string tangle decomposition of N (%) into two
tangles U and P Here U corresponds to the exterior F(K) of K in L(4mn—1,2m) and P
to the regular neighborhood of K. Note that P is a rational tangle. Then a Dehn surgery
on K gives a rational tangle surgery for N (%) In our case, the Dehn surgery gives

the following equation of rational tangle surgery.

N(U + P) = N(4m=t)
NU+Q) = N(%)

By giving a suitable coordinate of the tangle P, we can assume that P = (%) Then since
A(7, ) = 1, we can assume that ¢ = (<) for some integer w. Then by Theorem 4, one of
the conclusion (1)-(4) holds. If (1) or (2) holds, E(K) is a solid torus. This means K is
a core knot. If (3) or (4) holds, F(K) admits a Seifert fibered structure over a disk with
at most 2 exceptional fibers. By Lemma 4.2, K is a core knot or a torus knot. 0]
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Twisted Alexander Invariant and its Applications

Takahiro KITAYAMA
15 Feb 2008

Twisted Alexander invariants were introduced for knots in the 3-sphere by Lin [12] and
generally for finitely presentable groups by Wada [14].

Notation.

K c S®: atame knot,

Ex = S\ N(K) ; N(K) : an open tubular neighborhood kf
Gk = mEk,

R: a Noetherian UFD Q(R) : the quotient field oR.

Fix a meridional element € G and denote by : Gk — (t) the abelianization homomor-
phism which mapg to the generatat.

1 Definitions and computations

s Definition 1.1. ~
For a representation: Gx — GL,(R), we define tha-th twisted Alexander polynomia

A‘Kp and thetwisted Alexander invariamkk , associated tp by

Ay, = orderH;(Ex; Rt,t™1%5),

a®p

Axp = Ak, /AR, € QR /{7t Y e sez.-
\_ J

Extendinge ® p linearly, we have a ring homomorphisin Z[Gx] — My(R[t,t™1]).

~ Proposition 1.2([6], [7]). N

Let p: Gk — GL,(R) be a representation. Given a presental®n = (Xy,..., Xm |
ry,...,'m1, for any index 1< k < mwhich satisfiesy(xx) # 1, we have

oo (5),
Ak, = Wm mod (t'), g ez
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This is nothing but Wada'’s construction [14].

2 Properties

In this section, lefR be a fieldF with (possibly trivial) involution-. A representation
p: Gk — GLy(F) is calledacyclicif H.(X; F(t)gs,) vanishes. For an acyclic representation

p: Gk — GLu(F), we denote byl'k, € F(t)*/{(x1)"€et"), wheree = detp(u), theReidemeister
torsionassociated ta ® p.

Theorem 2.1([7], [8]).

For an acyclic representatign Gx — GL(F),

AK,p(t) = TK,p(t) mod <77t| >n€FX,IeZ-

We extend the involution of to F(t) by t — t~1. For a representatigm: Gx — GLn(F),
we denote by’ the representation defined pi(y) := p(y™1)*, wherey € Gg.

Theorem 2.2([7], [8]).
For a representatign: Gx — GL,(F),

AK,pT (t) = AK,,o (t) .

A twisted version of the Torres condition for links is also known by Morifuji [13].

3 Applications

e Fiberedness and genus

A polynomial f € R[t,t"!]is calledmonicif the highest and lowest cfiicient of f are units.

Theorem 3.1([1]).
[Let K be a fibered knot. For any representafiorGx — GL(R), Akp(t) iS monic. j

Theorem 3.2([4], [5]).

Let K be a fibered knot. For any representatiarGy — SL,n(F), the highest cd@cient
c(Ak,) € F* is well-defined and 1.
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-~ Theorem 3.3([3]). ~
For any representatign: Gx — GL,(R),

degAx, < n(29(K) —1).

Moreover, ifK is a fibered knot, then the equality holds.

e Surjective homomorphisms

Theorem 3.4([11)]).

LetK andK’ be knots. Suppose that there exists a surjective homomorghisdp. — Gg.
Then for any representatign Gk — GLq(R), Ak, is divisible byAy .

K’,po

e Other applications

Kirk and Livingston [7] showed that for certain representations of a cyclic covegpfn
associated twisted polynomial must have a factorization of the fitirf (t) if K is sliceand
described determinants of Casson-Gordon invariants via the twisted polynomials.

Hilman, Livingston and Naik [6] generalize the criteria that must be satisfied by the Alexan-
der polynomialAk (t) of a periodicknotK to the twisted case.

4 Speaker’s work
e Normalization ([9])
For a representation: Gx — GL,(R), we can combinatorially construct tim®rmalized

twisted Alexander invarianh, € Q(R)(e?)(t?) associated tp which satisfies the following
properties.

r Theorem 4.1. ~
(For a representation: Gx — GL,(R),

— |
A (t) = Ak () Mod (€2, t? ) cre ez

(iNIf pis trivial, then _

Vi (tz —t72) = (12 — t72)Ag ,(1),
whereVg(2) is the Conway polynomial oK.
(ii)For a representatiop: Gx — GL(F),

A () = (=1)"A, (0).
\_ Y,
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For f(t) = p(t)/q(t) € Q(R)(t) (p, g € Rt,t1]), we define

degf := degp — deqq,
h-degf := (the highest degree @) — (the highest degree o),
(the highest cao@cient of p)

o(f) = (the highest caicient ofq)

Theorem 4.2.
Let K be a fibered knot. For any representatiorGx — GL,(R),

degAx,, = 2h-degAk, = n(2g(K) — 1),
c(Ak,) = C(V)"eX 2.

e Symmetry on representation space§10])

Dubois [2] constructed a canonical volume forgon a 1-dimensional smooth part REg(
in the space of conjugacy classes of irreducible SU(2)-representatidis. ofx induces an
orientation and a Riemannian metric on Rej(

Investigation of isometries which come from standard group actions onKReg(ables
us to show that the twisted Alexander function on the SU(2)-representation space has certain
symmetry about the metrization.
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